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Accelerator-based light sources such as storage rings and free-electron lasers use rela-
tivistic electron beams to produce intense radiation over a wide spectral range for fun-
damental research in physics, chemistry, materials science, biology and medicine. More
than a dozen such sources operate worldwide, and new sources are being built to deliver
radiation that meets with the ever increasing sophistication and depth of new research.
Even so, conventional accelerator techniques often cannot keep pace with new demands
and, thus, new approaches continue to emerge. In this article, we review a variety of
recently developed and promising techniques that rely on lasers to manipulate and re-
arrange the electron distribution in order to tailor the properties of the radiation. Basic
theories of electron-laser interactions, techniques to create micro- and nano-structures in
electron beams, and techniques to produce radiation with customizable waveforms are
reviewed. We overview laser-based techniques for the generation of fully coherent x-rays,
mode-locked x-ray pulse trains, light with orbital angular momentum, and attosecond
or even zeptosecond long coherent pulses in free-electron lasers. Several methods to gen-
erate femtosecond pulses in storage rings are also discussed. Additionally, we describe
various schemes designed to enhance the performance of light sources through precision
beam preparation including beam conditioning, laser heating, emittance exchange, and
various laser-based diagnostics. Together these techniques represent a new emerging
concept of “beam by design” in modern accelerators, which is the primary focus of this
article
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I. INTRODUCTION
Large scientific user facilities driven by relativistic elec-
tron beams produced in particle accelerators, such as
synchrotron light sources and free-electron lasers (FELs),
have played a key role in the development of numerous
scientific fields. By sending relativistic electron beams
through bending magnets and undulators (a series of
dipole magnets with alternating fields), these massive
machines produce intense radiation from millimeter to x-
ray wavelengths that serves an extraordinarily wide array
of applications (see, for example (Schneider, 2010)).
Since the discovery of synchrotron radiation in 1947
(Elder et al., 1947), accelerator based light sources have
evolved from the first generation to the fourth genera-
tion, each having a significant enhancement in radiation
brightness. Currently, most of the light sources in op-
eration are third generation light sources, i.e. dedicated
electron storage rings built since the 1990’s that produce
radiation in a wide range of photon energies from a few
eV to hundreds of keV (Zhao, 2010). X-ray FELs, con-
sidered as fourth generation light sources, have emerged
only recently and are expected to open a new era of x-
ray science (Ackermann et al., 2007; Allaria et al., 2012;
Emma et al., 2010; Ishikawa et al., 2012).
The last two decades have witnessed particularly rapid
growth both in the number of scientific users and in the
diversity of new science enabled by third and fourth gen-
eration light sources. This growth is driven by the sig-
nificant enhancements in the capabilities of these facili-
ties, as well as the quality and quantity of light they can
produce and deliver to experiments. Such enhancements
are primarily from advancements in accelerator science
and technology, which in many cases includes the use of
lasers to manipulate the relativistic electron distributions
to precisely tailor the properties of the emitted x-rays.
For instance, the duration of stored electron bunches
at equilibrium in synchrotrons is typically on the order
of a few tens of picoseconds. This sets the minimum x-
ray pulse duration that they can produce, which inhibits
investigations of ultrafast structural dynamics that oc-
cur on time scales on the order of 100 fs (an atomic
vibrational period) or shorter. Using a femtosecond
laser pulse to manipulate the electron energy distribution
in a short slice of the electron bunch, however, gener-
ates femtosecond time structures in the bunch that emit
femtosecond long x-ray pulses (Zholents and Zolotorev,
1996). This so-called “laser slicing” method has
been used in several synchrotrons (Beaud et al., 2007;
Khan et al., 2006; Schoenlein et al., 2000b) and imme-
diately opened up many new opportunities for captur-
ing ultrafast dynamics at third generation light sources.
The applications include femtosecond x-ray crystallog-
raphy (Rousse et al., 2001), femtosecond time-resolved
x-ray diffraction (Cavalleri et al., 2006; Johnson et al.,
2008), and femtosecond time-resolved x-ray absorption
spectroscopy (Bressler et al., 2009; Cavalleri et al., 2005;
Stamm et al., 2007), just to name a few.
Laser-manipulation techniques are particularly well-
suited for modern x-ray FELs, which are capable of
producing ultrashort and ultra-intense x-ray pulses with
peak brightness ten orders of magnitude higher than
synchrotrons. There is significant work to be done,
however, in order to meet ever-increasing demands for
improved brightness, coherence, and control of the x-
ray pulses in FELs over the broad range of scientific
needs. Laser-based manipulation of the electron beam
allows one to rearrange particle distribution in the phase
space to meet the requirements of specific applications.
With lasers, one can create micro-structures and imprint
micro-correlations in relativistic electron beams with ex-
tremely high precision in both the temporal and spatial
domain, thereby offering numerous options to tailor the
properties of the emitted x-rays.
Some prime examples of laser-beam manipulations are
laser seeding techniques, which can be used to produce
fully coherent x-rays naturally synchronized with the
external lasers (Stupakov, 2009; Xiang and Stupakov,
2009; Yu, 1991); laser heaters, which are used to
suppress the microbunching instability to produce
higher radiation power (Huang et al., 2004a); pe-
riodically modulated beams for the generation of
mode-locked x-rays (Feng et al., 2012; Kur et al., 2011;
Thompson and McNeil, 2008; Xiang et al., 2012b); gen-
erating localized current peaks and energy-chirps with
few-cycle lasers for producing attosecond x-ray pulses
(Saldin et al., 2006b; Zholents and Penn, 2005); rear-
ranging an electron beam into an x-ray scale helix for
generation of x-rays with orbital angular momentum
(OAM) which may be used to probe matter in new ways
(Hemsing et al., 2011, 2009b); and producing sequential
(or simultaneous) x-ray pulses with varying wavelengths
for time-resolved x-ray spectroscopy (De Ninno et al.,
2013).
This review provides an overview of the physics, chal-
lenges and promises relevant to the latest developments
in advanced beam manipulation with lasers: the emerg-
ing concept of “beam by design” in accelerator physics.
Section II discusses the theory of electron-laser interac-
tions, including the basics of lasers and relativistic elec-
3tron beams, and the physics of their interactions in vac-
uum and in undulators. Section III describes the gen-
eral concept of using modulator-chicane modules to ma-
nipulate the beam phase space for creating fine struc-
tures ranging from THz to x-ray wavelengths, as well as
for generation of light with OAM. Section IV discusses
advanced beam manipulation for third generation light
sources, focusing on generating femtosecond x-ray pulses.
The wide array of different beam manipulation tech-
niques and their applications in fourth generation light
sources are discussed in Section V. In Section VI several
methods are reviewed that allow to improve the electron
beam quality for FEL applications, as well some laser
based diagnostic techniques to measure electron bunch
properties. A summary is presented in Section VII.
II. BASICS
In this section, we give an overview of the basics of elec-
tron beams, laser beams, and their interaction in vacuum
and in an undulator. Throughout this paper, we limit
our discussions to relativistic electron beams produced
in particle accelerators for which the relativistic factor
γ = E/mc2 is much larger than one and the normalized
electron velocity β = v/c =
√
1− γ−2 is close to unity.
Here E is the electron beam energy, m is the electron
mass at rest, and c is the speed of light. We also restrict
our attention to purely classical systems where quantum
recoil effects can be neglected, as well as systems in the
absence of collective effects such as scattering and space-
charge.
A. Basics of electron beams
Beams contain large number of electrons, Ne, moving
together in space along the trajectory governed by exter-
nal magnetic and electric fields. The motion of electrons
with the reference energy E0 in a focusing channel define
this trajectory (called the reference trajectory or orbit)
and all other electrons move in close proximity with small
oscillations around it. The local coordinate system with
unit vectors (xˆ, yˆ) is used to describe these oscillations
with xˆ being in the plane of orbit curvature and being
orthogonal to the velocity vector of the reference elec-
trons and yˆ being orthogonal to xˆ and the tangent to
the reference orbit, see Fig. 1. The distance along the
reference trajectory is measured by S and the relative po-
sition of electrons on this trajectory with respect to the
beam center is measured by s. Thus, an electron loca-
tion in the six-dimensional (6-D) phase space co-moving
with the electron beam is characterized by the vector
X = (x, x′, y, y′, s, η)T , where x and y are the transverse
positions along (xˆ, yˆ) directions respectively, x′ = dx/dS
and y′ = dy/dS are the transverse angles, and η is the rel-
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FIG. 1 Local coordinate system x, y, s associated with the
beam trajectory shown by black curve. The direction of beam
propagation is shown by arrow.
ative energy deviation, η = ∆E/E0, and the superscript T
denotes transposition. Note that the angular divergence
of a relativistic beam is typically small, and x′ and y′
can be associated with the angles (in x and y directions,
respectively) between the velocity of the particle and the
reference orbit.
It is further convenient to characterize the electron
beam distribution in the 6-D phase space by the second
order moments, 〈x2〉, 〈xx′〉, 〈x′2〉, etc., where the brack-
ets denote averaging over all the particles. Accordingly,
the beam matrix is defined as,
Σ =


〈x2〉 〈xx′〉 · · · 〈xη〉
〈x′x〉 〈x′2〉 · · · 〈x′η〉
...
...
〈ηx〉 · · · 〈ηs〉 〈η2〉

 . (2.1)
The absolute value of the determinant of this matrix de-
fines a 6-D volume V of the phase space ellipsoid occupied
by the particles, V = (|det Σ|)1/2.
The performance of a beam-driven facility usually de-
pends critically on the specific partitioning of the phase
space volume in each subspace (x, x′), (y, y′), (s, η).
Therefore, the root mean squared (rms) emittance is de-
fined for each subspace individually, with that in x − x′
plane given as,
εx =
√
〈x2〉〈x′2〉 − 〈xx′〉2 , (2.2)
assuming the first order moments 〈x〉 and 〈x′〉 are zero.
In a similar way, the rms emittance in y − y′ and s − η
planes are defined as εy and εs. It can be shown that if
the beam is not coupled across the x, y and s planes then
V = εxεyεs. With acceleration, however, εx is not con-
served and the normalized emittance εnx = βγεx, that is
conserved during acceleration, is used instead (Lee, 1999)
(and similarly for y and s components). A widely used
4figure of merit for the electron beam quality is the beam
brightness defined as
Be =
Ne
(2π)3εnxεnyεns
. (2.3)
In linear approximation, when the electron beam
moves from S = S0 to S = S1, the phase space coor-
dinates of each electron are transformed from the initial
state to a final state as
X1 = RX0 , (2.4)
where R is a 6 × 6 transfer matrix. In a Hamiltonian
system the transfer matrix is symplectic (Lee, 1999), i.e.,
RJ6R
T = RTJ6R = J6 , (2.5)
where
J6 =

 J 0 00 J 0
0 0 J

 , (2.6)
with J being the unit symplectic matrix in 2-D phase
space,
J =
[
0 1
−1 0
]
. (2.7)
Corresponding to Eq. (2.4), the beam matrix Σ1 at
S = S1 is connected with the initial beam matrix Σ0 at
S = S0 as,
Σ1 = RΣ0R
T . (2.8)
Note, it follows from Eq. (2.5) that detR = 1. It
is then straightforward to see from Eq. (2.8) that V =
(|detΣ|)1/2 is invariant under an arbitrary symplectic
transformation. Furthermore, it can be shown that the
trace of the product ΣJ6ΣJ6 is also an invariant. These
two invariants lead to a so-called emittance exchange the-
orem which states that the emittances of the subspaces
cannot be partially transferred from one plane to another
if the beam is uncoupled before and after the transfor-
mation (Courant, 1966). Advanced beam manipulation
techniques have to obey these basic rules when rearrang-
ing the beam distributions in the phase space.
Consider now an uncoupled electron beam going
through a focus along a straight line z in free space. The
coordinate S in this case is equal to z. The rms beam
size and divergence at the waist is given by σx =
√
εxβx0
and σx′ =
√
εx/βx0, where βx0 is the horizontal Twiss
function at the waist (Sands, 1970). Similar definitions
are applicable for the y plane, but the location of the
y-waist in z may not necessarily coincide with the lo-
cation of the x-waist. The electron beam size varies
along the distance z measured from the waist according
to σx(z) = σx(0)
√
1 + (z/βx0)2 and it grows by a factor
of
√
2 at a distance z = βx0.
B. Basics of laser beams
Laser beams, particularly those in the form of Gaus-
sian beams, are considered throughout of this paper
(Siegman, 1986):
I (r, z) = I0
(
w0
w(z)
)2
e−2r
2/w(z)2 . (2.9)
Here I(r, z) is the intensity (power per unit area) of the
beam, w(z) is the beam radius defined as the distance
from the beam axis where intensity drops to 1/e2 of the
intensity on-axis, I0 = I(0, 0) is the on-axis intensity at
the waist, and w0 is the beam radius at the waist. Anal-
ogous to an electron beam, the beam radius varies along
the axial distance z measured from the waist according
to w(z) = w0
√
1 + (z/zR)2 and the length over which
it diverges by a factor of
√
2 determines the Rayleigh
length zR = πw
2
0/λL, where λL is the wavelength of the
laser field, and ωL = 2πc/λL is the laser pulse carrier fre-
quency. The laser beam diverges in the far-field region
(i.e., for z values much larger than zR) with the angle
of divergence θ = λL/πw0. All of these variables are
shown in Fig. (2). The product w0θ/4 defines the area in
the phase space, typically called the rms light emittance
εL = λL/4π. Thus, the Rayleigh length zR for the light
beam plays the same role as βx0 for the electron beam.
FIG. 2 Gaussian laser beam width w(z) as a function of the
axial distance z.
Gaussian beams are solutions to the so-called parax-
ial wave equation, which describes waves for which the
longitudinal variation is negligible over the scale of the
wavelength λL. In this limit, the waves are described
by Gaussian transverse distributions, for which θ ≪ 1
is satisfied, and thus w0 ≫ λL also holds. Within this
approximation, the lowest order solution for a linearly
polarized electric field is
E(r, z, t) =
E0√
1 + (z/zR)2
e−r
2/w(z)2 (2.10)
× sin
(
kLz − ωLt+ ψG + kL r
2
2R(z)
+ ψ0
)
,
where E0 is the amplitude of the field, kL = 2π/λL is
the wave number, R(z) = z[1 + (zR/z)
2
] is the radius
5of curvature of the wavefronts, ψG = − arctan(z/zR) is
the Gouy phase shift and ψ0 is an arbitrary phase. The
quantity E in this equation (and in the subsequent equa-
tions of this section) is any transverse component of the
electric field in the beam. The magnetic field has the
same functional form as E and is perpendicular both to
the electric field and the direction of propagation. The
laser beam intensity equals the time-averaged Poynting
vector and is given by (2.9) with I0 = (c/8π)E
2
0 .
While these Gaussian laser beams are the simplest and
most common, the paraxial wave equation allows also so-
lutions in terms of higher order transverse modes. There
are, in fact, a whole family of TEM modes that describe
free-space fields with more complicated amplitude and
phase structures that have applications in electron beam
manipulation techniques. In cartesian coordinates (x and
y), Hermite-Gaussian modes describe a common TEMnm
basis, where the indices n and m determine the field
shape in the horizontal and vertical directions, respec-
tively (Siegman, 1986). In terms of Hermite polynomials
Hn, these modes are mutually orthogonal and are,
E(x, y, z, t) = E0
w0
w(z)
exp
[
−x
2 + y2
w(z)2
]
(2.11)
×Hn
(
x
√
2
w(z)
)
Hm
(
y
√
2
w(z)
)
× sin
[
kLz − ωLt+ kL(x
2 + y2)
2R(z)
+ (n+m+ 1)ψG
]
.
An explicit expression for the field amplitude of the
TEM10 mode, which is used in several electron beam ma-
nipulation schemes, is:
E(x, y, z, t) =
E0
1 + (z/zR)2
2
√
2x
w0
e−(x
2+y2)/w(z)2
× sin
(
kLz − ωLt+ ψ(1)G + kL
x2 + y2
2R(z)
+ ψ0
)
. (2.12)
Both the TEM00 and TEM10 field modes in (2.10) and
(2.12) are examined explicitly in Section II.E.
In a cylindrically symmetric system, Laguerre-
Gaussian (LG) modes describe paraxial waves in cylin-
drical coordinates (r, φ, z),
E(r, φ, z, t) = E0
w0
w(z)
exp
[
− r
2
w(z)2
]
(2.13)
×
(
r
√
2
w(z)
)|l|
L|l|p
(
2r2
w(z)2
)
× sin
[
kLz − ωLt+ lφ+ kLr
2
2R(z)
+ (2p+ l + 1)ψG
]
.
The radial mode number is given by the integer p, and the
functions Llp are associated Laguerre polynomials. These
modes are of specific interest due to their azimuthal phase
structure, given by their dependence on φ and on the az-
imuthal mode number l. This helical phase structure of
the |l| > 0 modes leads to a non-zero, discrete compo-
nent of the linear photon momentum spiraling about the
propagation axis and thus a well-defined orbital angu-
lar momentum (OAM) component carried by the field
(Allen et al., 1992). With this feature, these modes can
interact in novel ways with matter, and are examined in
the context of advanced accelerator-based light sources
in more detail in Section III.D.
Expressions (2.9)-(2.13) refer to long laser beams when
the variation of the field amplitude with time can be ne-
glected. For a short laser pulse with a Gaussian pro-
file, one usually adds an additional factor exp[−(z −
ct)2/4c2σ2t ] on the right-hand side of the field expres-
sions to account for finite duration of the pulse, with σt
the rms duration of the pulse intensity. Such a pulse is
referred to as being transform limited, in that the pulse
duration corresponds to a minimum spectral bandwidth
of σω = 1/2σt. Given the inverse relationship, narrow
band pulses σω/ωL ≪ 1 are long in time, whereas short
temporal pulses consisting of only a few cycles extend
over a broad spectral bandwidth.
Finally, we note that ψ0 determines the timing of the
field oscillations with respect to the laser pulse peak
∆tCEP = ψ0/ωL and is usually referred to as the carrier-
envelope phase (CEP, see, e.g., (Jones et al., 2000)). In
the case of long pulses, the CEP typically plays no role in
the laser dynamics, and is usually neglected. But when
the laser pulse is comprised of only a few oscillation cy-
cles of the electromagnetic field, as shown in Fig. (3), the
CEP defines the temporal evolution of the field. As we
will see, this can be important to the structure of the
electron beam modulations generated by the laser, and
thus on the structure of the emitted x-rays. A technique
of CEP stabilization for IR lasers was developed to en-
sure reproducibility of ∆tCEP from pulse-to-pulse with
tens of attosecond precision (Borchers et al., 2011).
Time
E
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2 Π
ΩL
FIG. 3 Laser pulses containing two oscillation cycles within
the full width at half maximum of their intensity profile, with
cosine (1) and sine (2) shaped waveforms.
6C. Interaction of a point charge with an electromagnetic
field in free space
A fundamental question to laser-beam interactions is
whether an electromagnetic field can effectively interact
with a moving point charge in vacuum far from material
boundaries. As it turns out, the answer to this question
is no if a particle is moving with a constant velocity along
a straight line (that is, its motion is not affected either by
the electromagnetic field1 or by any other external field
in the system). This statement is often referred to as the
“General Acceleration Theorem” (Palmer, 1988, 1995).
The formal proof of this theorem is given below.
We calculate the energy gain ∆E of a point charge e
passing through electromagnetic field E(r, t) assuming
that it moves with a constant velocity v,
∆E = e
∫ ∞
−∞
v ·E(r(t), t)dt, (2.14)
where r(t) is the particle’s trajectory. For motion with
constant velocity, the trajectory is r(t) = r0+vt, with r0
the particle’s position at t = 0. The electromagnetic field
in vacuum can be represented as a superposition of plane
electromagnetic waves that propagate with the speed of
light:
E(r, t) =
∫
d3kE˜(k)eik·r−iωt , (2.15)
with ω = ck. Subtituting (2.15) to (2.14) we obtain
∆E = ev ·
∫ ∞
−∞
dt
∫
d3kE˜(k)eik·(r0+vt)−iωt
= 2πe
∫
d3k v · E˜(k)eik·r0δ(ω − k · v) . (2.16)
The argument in the delta function in the last integral is
never equal to zero, because
ω − k · v = ck(1− β cosα) > 0 , (2.17)
where α is the angle between k and v. Hence the inte-
gral (2.16) vanishes and ∆E = 0.
If follows from the General Acceleration Theorem that
to accelerate (or decelerate) charges with electromagnetic
fields, one has to break at least one of the conditions as-
sumed in the above proof. There are several ways in
which this can be achieved. One way is to introduce
close material boundary conditions that would allow for
1 Neglecting the deviation of the orbit from a straight line due to
the Lorentz force of the electromagnetic field, we eliminate the
Thomson scattering effect from the analysis. This appears in the
second order of the perturbation theory and is proportional to
the square of the magnitude of the field.
evanescent fields in the system and invalidate the as-
sumption of free-space plane waves in (2.15). This is
the mechanism behind radio frequency (rf) acceleration
in rf cavities and structures, as well as plasma and dielec-
tric wakefield acceleration (Chen et al., 1985; Gai et al.,
1988; Joshi et al., 1984; Shersby-Harvie, 1948). Another
approach is to bend the particle’s trajectory and violate
the assumption of the straight orbit in Eq. (2.14). This
can be done efficiently by introducing an external mag-
netic field in the interaction region. This concept forms
the foundation of the laser modulator using magnetic un-
dulators considered both throughout this review and in
detail in Section II.E.
D. Acceleration by electromagnetic fields and energy
balance
In the language of quantum mechanics, acceleration by
electromagnetic fields in free space corresponds to the ab-
sorption of a photon by a freely moving charged particle.
However, such an absorption is forbidden by conserva-
tion of energy and momentum unless the particle also
radiates a photon in the process of the interaction. This
is the well-known Compton scattering effect in quantum
electrodynamics. In a similar fashion, the apparent ab-
sence of sustained energy exchange between the electro-
magnetic field and a charge in the classical model of the
previous section can be attributed to the absence of ra-
diation effects if a particle is assumed to move with a
constant velocity. This example indicates that radiation
and acceleration under the influence of the external field
are intimately related phenomena. Indeed, as we show in
this section through analysis of the energy balance equa-
tion, the interference of the accelerating field with the
particle’s radiation field provides an independent method
for calculation of the rate of acceleration (Huang et al.,
2004b; Xie, 2003).
Some general properties of the radiation-acceleration
connection can be analyzed without specifying the mech-
anism of the interaction between the particle and the
fields. Consider a moving point charge e interacting with
an external laser field EL. We assume that the inter-
action occurs in a volume V enclosed by surface S of
large radius R (which we later assume approaches infin-
ity, R → ∞) as shown Fig. 4. Initially, at t → −∞,
the charge and the laser pulse are located outside of the
surface S. At some time they cross the boundary and in-
teract inside the volume. After the interaction, at t→∞,
they leave the volume.
The energy balance equation for the total electro-
magnetic field in V reads (see, e.g., (Jackson, 1999;
7V
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FIG. 4 Illustration of interaction of a point charge with elec-
tromagnetic field.
Landau and Lifshitz, 1979)):
∂
∂t
∫
V
dV
E2 +B2
8π
+
∫
V
dV j ·E = −
∫
S
S · nˆ dS ,
(2.18)
where the indices V and S under the integral signs indi-
cate that the integration goes over the volume V and the
surface S, respectively, nˆ is a unit vector in the outward
direction normal to the surface, j is the current density,
S is the Poynting vector, S = (c/4π)E ×B, and B is
the magnetic field. Integrating this equation over time,
from t = −∞ to t = ∞, and taking into account that
at t = ±∞ there is no electromagnetic field inside V , we
obtain∫ ∞
−∞
dt
∫
V
dV j ·E = −
∫ ∞
−∞
dt
∫
S
S · nˆ dS . (2.19)
The current density j associated with the moving point
charge is j = evδ(r(t)). Hence the integral on the left
hand side of (2.19) reduces to
∆E = e
∫ ∞
−∞
v ·E dt (2.20)
taken along the trajectory r(t). It is equal to the en-
ergy gain (or loss, if negative) ∆E of the particle due to
the interaction with the field. This, in turn, is equal to
the negative of the time-integrated electromagnetic field
power through the surface S,
∆E = −
∫ ∞
−∞
dt
∫
S
S · nˆ dS . (2.21)
Note that this formula is exact and is valid for arbitrary
curvilinear motion of the particle.
It is convenient to take the Fourier transformation of
the fields{
E˜(ω)
B˜(ω)
}
=
1
2π
∫ ∞
−∞
dteiωt
{
E(t)
B(t)
}
. (2.22)
Using Parseval’s theorem we rewrite (2.21) in the follow-
ing form
∆E = − c
2
∫ ∞
−∞
dω
∫
S
Re[E˜(ω)× B˜∗(ω)] · nˆ dS, (2.23)
where the asterisk denotes complex conjugation. The
field in Eq. (2.23) is a superposition of the laser field,
E˜L, and the particle field. The latter can be split
into the Coulomb field of the particle, which formally
appears in (2.23) due to the particle’s crossing of the
surface S, and the radiation field E˜r. One can show
that the Coulomb field does not contribute to the in-
tegral (2.23) (Xie, 2003), so the fields in (2.23) can be
considered as a superposition of only E˜L and E˜r. For
these fields we can use the relations B˜ = nˆ × E˜ and
nˆ · E˜ = 0 which are valid in the far zone, as we assume
R→∞. This simplifies (2.23) to
∆E = − c
2
∫ ∞
−∞
dω
∫
S
Re
(
E˜(ω) · E˜∗(ω)
)
dS. (2.24)
The final step in the derivation is to substitute E˜ =
E˜L+ E˜r and note that, if E˜r is not included, we retrieve
the result ∆E = 0 from the previous section. Otherwise
we obtain
∆E = −c
∫ ∞
−∞
dω
∫
S
Re(E˜L · E˜∗r ) dS (2.25)
which is responsible for the acceleration (or deceleration)
due to the interaction with the laser field, and is propor-
tional to eE˜L from the linear dependence of E˜r on e, as
expected. Therefore, we see that a particle can be accel-
erated (or decelerated) only if it radiates. Note that the
purely radiative term E˜r · E˜∗r scales as e2 and describes
the energy loss of the particle due to the radiation. In
applications of interest for this paper it is typically small
and is excluded from Eq. (2.25).
Eq. (2.25) identifies the connection between the en-
ergy change of a particle in an external field with the
interference of its radiation with that field. An practical
application of this relationship for optimization of the
electron-laser interaction will be given in Section II.E.
E. Electron-laser interaction in an undulator
As discussed in the previous section, the interaction of
relativistic particles with a laser beam is extremely inef-
ficient in free space. The interaction becomes much more
pronounced, however, if the laser beam interacts with the
electron inside an undulator. Undulators, as depicted in
Fig. 5, are composed of a periodic series of dipole mag-
nets that make the electrons wiggle back and forth trans-
versely. They are commonly used to generate radiation
from the beam in accelerator-based light sources. When
8used in tandem with a laser, they can also be used to cre-
ate modulations in the electron beam distribution on the
scale of the laser wavelength. In this section we present
a basic theoretical analysis of the laser-electron interac-
tion in the undulator, obtain the optimal conditions for
the interaction, and provide additional insight into the
mechanism of energy exchange by considering interfer-
ence between the laser light and the electron spontaneous
radiation fields.
Consider the interaction of an electron with a laser
beam in a planar undulator whose magnetic field in the
plane of symmetry is
By(z) = B0 cos(kuz), (2.26)
with ku = 2π/λu, where λu is the undulator period. We
use a Cartesian coordinate system (x, y, z) as shown in
Fig. 5, with the center located in the middle of the un-
dulator and z the direction of propagation.
FIG. 5 A schematic of a planar undulator and a sine-like
trajectory of the electron.
Taking z as the independent variable, we assume a
highly relativistic electron γ ≫ 1 whose motion is due
only to the planar undulator fields. The Lorentz force
on the longitudinally moving electron from the vertical
magnetic field generates sinusoidal motion in the x di-
rection. This, in turn, affects motion in the longitudinal
direction, as described by the following equations:
βx(z) = −K
γ
sin (kuz) ,
βz(z) =
√
1− 1
γ2
− β2x
≈ 1− 1
2γ2
(
1 +
K2
2
)
+
K2
4γ2
cos (2kuz) (2.27)
where βx,z = vx,z/c is the normalized velocity and
K =
eB0
kumc2
(2.28)
is the undulator parameter2. The longitudinal oscilla-
tions trace out a figure eight in the co-moving beam
2 Note that strong undulators with K ≫ 1 are often called wig-
glers.
frame, and lead to higher harmonic interactions. The
normalized longitudinal velocity, averaged over one un-
dulator period, is β¯z = 1 −
(
1 +K2/2
)
/2γ2. Thus, an
electron slips back a distance
λr = λu
1 +K2/2
2γ2
(2.29)
after traveling one undulator period with respect to the
distance propagated by the light it generates. Due
to this periodic slippage, light emitted at this wave-
length interferes constructively each undulator period.
λr is therefore called the undulator’s resonant wave-
length (McNeil and Thompson, 2010). Thus, sustained
energy transfer can occur between the co-propagating
electromagnetic field with wavelength λL ≃ λr and the
electrons. This is the principle behind the laser modula-
tor, where electrons can be accelerated (or decelerated)
by a co-propagating laser.
To couple to the horizontal electron motion, we con-
sider a simple linearly polarized laser field Ex. From Eq.
(2.20), the wiggling electron changes its energy due the
work of the laser electric field, as governed by
dγ
dz
=
e
mc2vz
Exvx ≈ e
mc2
Exβx, (2.30)
where dt = dz/vz ≈ dz/c is assumed, valid for a highly
relativistic electron. To give a feel for the variety of dif-
ferent regimes in which laser modulators are typically
used, a couple of different forms for the electric field are
considered in the following sections.
1. Energy modulation by a plane electromagnetic wave
Let us first consider the simplest case of a plane wave
of the form,
Ex(z, t) = E0 sin [kL(z − ct)] . (2.31)
This model assumes that the laser Rayleigh length zR
is much longer than the undulator length Lu = Nuλu
where Nu is the number of periods, that the rms width
of the laser pulse intensity envelope cσt is much longer
than the total slippage length in the undulatorNuλr, and
that the laser waist is large compared to the horizontal
and vertical electron bunch rms sizes in the undulator,
w0 ≫ σx,y. This is a reasonable approximation for many
beam manipulations with the beam energy . 1 GeV and
picosecond or longer optical laser pulses. Using Eq.s (2.27
- 2.31), one obtains
dγ
dz
= −eKE0
γmc2
sin (kuz) sin [kL(z − ct)] . (2.32)
It is convenient to rewrite t in terms of the independent
9variable z,
ct(z) =
∫
dz
βz(z)
≈ −s/β¯z + z + z
2γ2
(
1 +
K2
2
)
− K
2
8kuγ2
sin (2kuz) ,
(2.33)
where we have used the co-moving coordinate
s = z − cβ¯zt , (2.34)
which is the longitudinal position of the electron in an
electron bunch, with positive s corresponding to the
bunch head. It is further convenient to define the res-
onant electron energy, also called an FEL resonant en-
ergy, γ2r = kL
(
1 +K2/2
)
/2ku, and assume a small en-
ergy deviation (γ − γr)/γr ≪ 1 for the electron energy.
Therefore, we find from (2.33) that
kL(z − ct) = kLs/β¯z − kuz γ
2
r
γ2
+
ξ
2
sin (2kuz) , (2.35)
where ξ = K2/(2 + K2). Inserting this into Eqs (2.32)
and averaging over the undulator period λu, the energy
change of the electron at resonance is given by
dγ
dz
= −eKE0J
2γmc2
cos(kLs/β¯z) . (2.36)
where J = J0 (ξ/2) − J1 (ξ/2). In a laser modula-
tor, the energy modulation is typically small compared
to the average beam energy such that, to lowest or-
der, the particles’ change in position ds/dz can be ne-
glected. This can be integrated directly over the undula-
tor length, and written in terms of the laser beam power
PL =
(
cE20/8π
) (
πw20/2
)
. The energy change at the end
of the undulator is then given by,
∆γ(s) =
√
PL
P0
2KLuJ
γw0
cos (kLs) (2.37)
where we have assumed β¯z ≈ 1 and we see that the mod-
ulation period along s is the same as that of the laser.
Here we have defined P0 = IAmc
2/e ≈ 8.7 GW, and
IA = mc
3/e ≈ 17 kA is the Alfe´n current.
This plane wave approximation provides an accurate
description of the sinusoidal modulation imprinted onto
the electron beam energy distribution in many cases. In
some devices however, such as those with much larger
electron beam energies, the modulators tend to be longer
so that diffraction and slippage effects become important.
These are examined in the next section.
2. Energy modulation by a finite duration laser pulse
In this section we consider a Gaussian laser pulse with
an arbitrary pulse width limited only by a condition
cσt ≫ 1/kL. We also include the effects of diffraction on
the laser over long distances, but maintain the prior as-
sumption that the waist is large compared to the beam,
w0 ≫ σx,y. In this case we can neglect the radial de-
pendence in Eq. (2.10) and use the following simplified
equation for the field:
Ex(z, t) =
E0√
1 + (z/zR)
2
sin [kL(z − ct) + ψ]
× e−(z−ct)2/4(cσt)2 , (2.38)
with ψ = − arctan(z/zR) + ψ0, where ψ0 is an arbitrary
phase of the laser wave. Combining this field with (2.27)
and (2.30) we write:
dγ
dz
= − eE0K
mc2γ
√
1 + (z/zR)
2
sin (kuz)
× sin (kL(z − ct) + ψ) e−(z−ct)
2/4(cσt)
2
. (2.39)
We choose the center of the undulator at z = 0 and
introduce the dimensionless variable zˆ = z/Lu so that
the undulator occupies the region − 12 < zˆ < 12 . Note
that according to our choice of the coordinate system
the center of the laser pulse arrives in the middle of the
undulator at t = 0. From (2.39) one obtains:
dγ
dzˆ
=
eE0KLuJ
2mc2γ
cos ψˆ√
1 + (qzˆ)
2
e−(zˆ/τ−s/cσt)
2/4 (2.40)
where the definition ψˆ = 2πνzˆ − arctan (qzˆ) + ψ0 + kLs
is used for brevity and we have also defined
ν =
2Nu(γ − γr)
γr
, q =
Lu
zR
, τ =
cσt
NuλL
. (2.41)
Eq. (2.40) is valid inside the undulator and dγ/dzˆ = 0
outside of it.
By introducing the pulse energy AL = PL
√
2πσt, an
electron’s energy change is finally obtained by integrating
(2.40) (Zholents and Holldack, 2006),
∆γ(q, ν, τ, s) =
2
mc2
J
√
ALα~ωLξf(q, ν, τ, s)
× cos(kLs+ ψ0) (2.42)
where
f(q, ν, τ, s) =
√
2q√
2πτ
1/2∫
−1/2
cos (2πνzˆ − arctan (qzˆ))√
1 + (qzˆ)
2
× e−(zˆ/τ−s/cσt)2/4dzˆ (2.43)
and α = e2/~c ≈ 1/137 is the fine structure constant and
~ is Planck’s constant.
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FIG. 6 Contour plots of function f using τ = 0.12, s = 0 (left
panel) and ν = 0.7, s = 0 (right panel) showing the range of
function between 2.0 and 2.3 with 15 equidistant grade step.
Analysis of this equation shows that the function f
reaches its maximum fmax = 2.24 for the following val-
ues of its arguments: q = 11.85, ν = 0.95, τ = 0.12. It
has a broad maximum around these values which is illus-
trated by Fig. 6. One can see that in practice the τ can be
made considerably larger (i.e., longer pulse length) and
q smaller (longer Rayleigh length) to avoid tight laser
beam focusing without a large decrease in f . The phys-
ical interpretation of these optimizations is discussed in
the next section.
We note that it is also possible to generalize Eq. (2.42)
to the case with an arbitrary ratio between w0 and σx,y
by adding a factor exp(−(x2 + y2)/w20(1 + (qzˆ)2)) under
the integral in formula (2.43). This is accurate in the
limit that the transverse dependence of the laser phase
in the area occupied by the electron beam is negligible.
It is worth pointing out that electrons also interact
with the laser light in the undulator when the laser
frequency matches the undulator harmonic frequency,
i.e. when λL ≃ λr/n, where n is the odd harmonic
number n = 1, 3, 5, .... In this case Eq. (2.37) and
(2.42) should be used with the substitutions J →
J (n) = (−1)(n−1)/2 (J(n−1)/2 (nξ/2)− J(n+1)/2 (nξ/2))
and Nu → nNu followed by substitutions ν → nν and
τ → τ/n (Colson, 1981; Schmu¨ser et al., 2008). When
K ≫ 1, the coupling of the light to electrons only weakly
depends on n since |J (n) | ≃ 0.68n−2/3.
3. A connection between laser-beam coupling and spontaneous
radiation
While Eq. (2.42) gives a formal solution of the beam
energy modulation problem, it is instructive to analyze
the result and to understand the optimal values of the
various parameters. This can be done by recalling the
results of Section II.D where it was shown that the en-
ergy gain of a particle is due to the interference of the
laser field in the far zone with the radiation field of the
particle. It follows from Eq. (2.25) that obtaining the
maximum energy modulation amplitude for a given laser
pulse energy requires achieving the best possible over-
lap of the laser field with the field of electron sponta-
neous emission in the far field region. The spectra must
also overlap. These conditions are achieved by selecting
the undulator radiation frequency ωr to match with the
carrier frequency of the laser pulse ωL, the laser pulse
bandwidth to match the bandwidth of the spontaneous
emission, and also the laser field rms size and divergence
in the far field region to match with the size and diver-
gence of the field of spontaneous emission. The latter is
regulated by adjusting the focusing of the laser light into
the undulator.
Note that the optimal values of q and τ obtained in the
previous section correspond to the optimization analysis
outlined above from the point of view of field interference.
Indeed, the laser pulse relative bandwidth is ∆ωL/ωL ∼
(ωLσt)
−1 = (2πτNu)
−1, and for the optimal value τ =
0.12 it is on the order of the relative bandwidth 1/Nu of
the resonant frequency of the undulator radiation.
Using the maximum value of fmax = 2.24, we note that
the product f2maxξJ 2α~ωL is approximately equal to the
energy AS of spontaneous emission of the electron in the
fundamental mode. The optimized Eq. (2.42) can then
be written as
∆γmax ≈ 2
mc2
κ
√
ALAS (2.44)
where κ is a numerical parameter of order of one.
The phase velocity of the laser field at the focus is
greater than velocity of light in vacuum (this effect is
known as a Guoy phase shift). Therefore, in order to
maintain optimal interaction with the electron over the
entire undulator length, the laser frequency ωL must be
red-shifted relative to the frequency of the electron spon-
taneous emission in the undulator ωr = 2πc/λr. This
explains why the maximum amplitude of energy modula-
tion is obtained by detuning ν ≈ 0.95 from the undulator
resonance.
The phenomena of the spectral shift can be equiv-
alently explained by the angular-frequency correla-
tion in the electron undulator emission ωr (θ) =
ωr (0)
[
1 + γ2θ2/(1 +K2/2)
]−1
, where θ is the observa-
tion angle. Because of the angular dependence, the max-
imum spectral intensity of the electron undulator emis-
sion integrated over the solid angle is red-shifted relative
to ωr (0). Therefore, for better overlap of the laser and
spontaneous radiation fields in the far field region, the
laser frequency should be red-shifted correspondingly.
4. Angular modulation
In certain scenarios, higher-order laser modes provide
an additional level of control over the electron distri-
bution. In Sections V.D, VI.B and VI.D, for exam-
ple, TEM10 laser modes are examined to impart an
optical-scale angular kick to the electrons. Repeating
the same analysis as above, but now using the TEM10
mode given by (2.12), one can show that the interaction
with this field changes both the electron energy and the
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electron transverse momentum (Zholents and Zolotorev,
2008). The energy modulation in the beam is now calcu-
lated using the field
Ex =
E0
1 + (z/zR)
2
2
√
2x
w0
sin(kL(z − ct) + ψ(1))
× e−(z−ct)2/4(cσt)2 , (2.45)
where ψ(1) = ψ
(1)
G + ψ0. Repeating the calculations of
the previous section one finds
∆γ
γ
(q, ν, τ, s) =
2K
γ2
√
PL
P0
J kLx0
× f1(q, ν, τ, s) cos(ks+ ψ0) (2.46)
where x0 is the electron horizontal offset and
f1(q, ν, τ, s) = q
1/2∫
−1/2
cos(2πνzˆ − 2 arctan(qzˆ))
1 + (qzˆ)
2
× e−(zˆ/τ−s/cστ )2/4dzˆ. (2.47)
Note that now, electrons on-axis are unchanged in en-
ergy. One can then use the Panofsky-Wenzel theorem
(Panofsky and Wenzel, 1956) which relates the trans-
verse variation of ∆γ with the longitudinal variation of
the angular kick ∆x′,
∂∆x′
∂s
=
∂
∂x0
(
∆γ
γ
)
. (2.48)
The result is
∆x′(q, ν, τ, s) =
2K
γ2
√
PL
P0
J
× f1(q, ν, τ, s) sin(ks+ ψ0) (2.49)
As in the previous section, Eq. (2.49) can be further
simplified in the long laser pulse regime, or generalized
to the case with an arbitrary ratio between w0 and σx,y
by inserting exp[−(x20 + y20)/w20(1 + (qzˆ)2)] under the in-
tegral in Eq. (2.47).
F. Incoherent and coherent radiation from beams
As was emphasized in the Introduction, radiation from
relativistic beams is widely used as a powerful scientific
tool in various areas of research. The radiation proper-
ties critically depend on how electrons are distributed in
the beam. If electrons are positioned randomly through-
out the bunch, short wavelength radiation (that is the
radiation with the wavelength shorter than the bunch
length) is incoherent, and its intensity is proportional to
the number of particles in the beam. Much more intense
coherent radiation can be generated if the particle posi-
tions in the beam are correlated, and if the correlation
length is comparable with the wavelength of the radia-
tion. The intensity of the coherent radiation scales as the
number of particles squared and can greatly exceed the
incoherent radiation. A remarkable example of beams
that radiate coherently is a free-electron laser, where the
correlations between the particles’ positions are achieved
through an instability developed in the long FEL undu-
lator.
To better understand the relation between the two
types of radiation, we assume that each particle of the
beam, passing through a radiator, emits electromagnetic
field whose time Fourier transform is E˜(ω). Within a
numerical factor, the spectral intensity I(ω) of radiation
from one particle is equal to |E˜(ω)|2. The radiation field
of the beam with Ne particles is
E˜b(ω) =
Ne∑
j=1
E˜(ω)eiωtj , (2.50)
where tj is the arrival time to the radiator of particle j,
and the factor eiωtj takes into account the phase shifts
between radiation fields of different particles in the beam.
The intensity of the beam radiation Ib is the absolute
value of the total field squared,
Ib(ω) = I(ω)
∣∣∣∣
Ne∑
j=1
eiωtj
∣∣∣∣
2
= I(ω)

Ne + ∑
j 6=m
eiω(tj−tm)

 .
(2.51)
The first term on the right hand side describes incoher-
ent radiation, I
(incoh)
b (ω) = NeI(ω). The second one in-
volves correlations between positions of pairs of particles.
To clarify the scaling of this term we assume that arrival
times can be adequately described by a distribution func-
tion f(t) such that the probability of the arrival time tj
(for j = 1, 2, . . .Ne) to be equal to t within an interval dt
is given by f(t)dt. Then the second term in (2.51), which
is the intensity of the coherent radiation, can be written
as
I
(coh)
b (ω) = Ne(Ne − 1)I(ω)
∫
dtdt′f(t)f(t′)eiω(t−t
′)
≈ N2e I(ω)|fˆ(ω)|2, (2.52)
where fˆ(ω) =
∫∞
−∞
dtf(t)eiωt, and we used Ne ≫ 1. We
see that, indeed, the coherent radiation scales as N2e .
In many cases, for short wavelength radiation, the co-
herent term can be neglected. Indeed assuming a Gaus-
sian distribution, f(t) ∝ e−c2t2/2σ2s , with σs the rms
bunch length, it is easy to find that |fˆ(ω)|2 = e−ω2σ2s/c2 ,
and for the frequencies larger than c/σs, |fˆ(ω)|2 becomes
exponentially small. This is typical for x-ray radiation in
storage rings.
Laser manipulations with relativistic beams, as we will
see in subsequent sections, allow one to introduce a den-
sity modulation with the wavelength λ≪ σs. To under-
stand radiation properties of such a beam we consider a
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simple model where the sinusoidal modulation with the
wavenumber k0 = ω0/c ≫ 1/cT is imposed on a beam
with a flat profile. The resulting distribution function of
the beam is
f(t) =
1
T
[1 + 2b sin(ω0t)] , for − 1
2T
< t <
1
2T
,
(2.53)
and f = 0 otherwise. In this equation T is the beam
duration and the half-amplitude of the relative modula-
tion b is traditionally called the bunching factor of the
modulated beam. Concentrating on the contribution to
|fˆ(ω)|2 due to the modulation only, one finds that the
dominant term at ω > 0 is
|fˆ(ω)|2 = 4b
2
T 2
sin2[(ω − ω0)T/2]
(ω − ω0)2 → 2π
b2
T
δ(ω − ω0),
(2.54)
where in the last expression we formally took the limit
T →∞.
Using (2.54) we can now estimate when the coherent
radiation of a modulated beam exceeds the incoherent
one. Substituting (2.54) into (2.52) and integrating over
the frequency we find∫
dωI
(coh)
b (ω) = 2π
N2e b
2
T
I(ω0), (2.55)
while
∫
dωI
(incoh)
b (ω) can be evaluated as NeI(ω0)∆ω,
where ∆ω is the characteristic width of the radiation
spectrum. Comparing the two we see that the coherent
radiation is dominant if
b > bsn ≡
(
T
2πNe
∆ω
)1/2
=
(
1
N0λ0
∆ω
ω0
)1/2
, (2.56)
where N0 = Ne/cT is the number of particles per unit
length, and λ0 = 2π/cω0 is the radiation wavelength.
The quantity bsn can be interpreted as the bunching fac-
tor associated with the shot noise in the beam. When the
beam bunching greatly exceeds bsn its radiation intensity
is strongly enhanced. Moreover, as indicated by (2.54)
its spectrum can become narrower than the original spec-
trum if T−1 ≪ ∆ω. This property of radiation of modu-
lated beams forms the foundation for several FEL seeding
methods (Stupakov, 2009; Yu, 1991) which allow narrow-
ing of the FEL spectrum. As an illustration of typical
values of bsn in FELs, we note that for a beam with peak
current of 1 kA, wavelength λ0 = 1 nm, and relative FEL
bandwidth of ∆ω/ω0 = 10
−3 we find bsn ≈ 2× 10−4.
III. OPTICAL MANIPULATION OF ELECTRON BEAMS
WITH LASERS
For most of the cases discussed in this paper, lasers
are used to change the longitudinal distribution of elec-
trons in the beam. In the longitudinal plane, beam ma-
nipulation typically requires a dispersive transport ele-
ment. This is because relativistic electrons with γ ≫ 1
travel close to the speed of light (e.g., for 1 GeV elec-
tron, 1− v/c ≈ 1.3 · 10−7). As a result, in modern beams
with typical small energy spreads, the relative longitudi-
nal velocities of electrons are so small that electrons do
not change their relative positions when the beam travels
along a straight line in a drift. With a dispersive element,
however, one can force the electrons with different ener-
gies to follow different paths in order to rearrange them
longitudinally. In this section we review a wide range
of techniques that use lasers and dispersive elements to
manipulate beam distributions.
A. Beam manipulation using modulator-chicane modules
The most widely used longitudinally dispersive element
is a chicane which typically consists of four dipole mag-
nets, as shown in Fig. 7. In a chicane, particles with lower
energies are bent more and have longer path lengths,
while particles with higher energies are bent less and
have shorter path lengths. In a negatively chirped bunch
where the bunch tail has higher energy than bunch head,
for example, the tail particles catch up with the head
particles in the chicane and as a result the bunch is com-
pressed (assuming that the tail does not overtake the
head). In contrast, a positively chirped bunch will be
decompressed when it passes through a chicane.
FIG. 7 Schematic of orbits in a chicane for the reference parti-
cle (black solid line), for a particle with slightly higher energy
(blue dashed dotted line) and for a particle with slightly lower
energy (red dashed line). The 4 dipole magnets are illustrated
with green blocks.
One primary application of a chicane is to compress
the beam to obtain high peak currents. The process of
bunch compression, to first order, can be described as a
linear transformation where the bunch length is reduced
while the energy spread and peak current are both in-
creased, as expected from conservation of phase space
and charge, respectively. Typically, the required nega-
tive chirp for compression is achieved by accelerating the
beam off-crest in rf cavities.
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For more advanced beam manipulations in the longitu-
dinal plane, the rf cavity is replaced with a laser and an
undulator. The sinusoidal modulation induced by the
electron-laser interaction in an undulator described in
II.E consists of both positive and negative chirp regions in
electron beams longer than the laser wavelength. There-
fore, after passing through a chicane with proper dis-
persive strength characterized by the transport matrix
element R56 = ∂s/∂η, a density modulation at the scale
of the laser wavelength is generated. (See Figure 9 and
the discussion in the next section.) A handy formula for
the dispersion of the typical symmetric four-dipole chi-
cane (all four magnets are identical) shown in Fig. 7 is
R56 ≃ 2α20(Ld + 23Lm), where α0 is the bend angle. De-
pending on the desired application, the undulators and
chicanes are configured in different ways to produce pre-
cisely tailored beam distributions.
1. Combination of one modulator and one chicane
We consider the standard setup shown in Fig. 8
which is used to imprint optical density modulations
on relativistic beams. This setup is typically used for
the coherent harmonic generation (CHG) (Girard et al.,
1984; Kincaid et al., 1984) (see, also Section IV.D)
and for high-gain harmonic generation (HGHG) in FELs
(Ben-Zvi et al., 1991; Yu, 1991).
FIG. 8 The beam energy is modulated in an undulator due
to the interaction with a laser beam. The beam then passes
through a dispersion section to form a density modulation.
We assume an initial Gaussian beam energy distribu-
tion with an average energy E0 and the rms energy spread
σE , and use the variable p = (E − E0)/σE for the dimen-
sionless energy deviation of a particle. The initial longi-
tudinal phase space distribution can then be written as
f0(p) = N0(2π)
−1/2e−p
2/2, where N0 is the number of
electrons per unit length of the beam. Here the bunch
length is taken to be much larger than the wavelength
of the modulation, and we neglect local variations of the
beam current and assume a longitudinally uniform beam.
After passage through the undulator, the beam energy
is modulated with the amplitude ∆E , so that the final
dimensionless energy deviation p′ is related to the initial
one p by the equation
p′ = p+A sin(kLs), (3.1)
where A = ∆E/σE , and s is the longitudinal coor-
dinate in the beam. The distribution function af-
ter the interaction with the laser becomes f1(ζ, p) =
N0(2π)
−1/2 exp
[−(p−A sin ζ)2/2] where we now use
the dimensionless variable ζ = kLs. The beam then
passes through the dispersion section with dispersive
strength R56, which converts the longitudinal coordinate
s into s′, s′ = s + R56p σE/E0 (where p now refers to
the value at the entrance to the dispersion section). The
distribution function is then,
f2(ζ, p) =
N0√
2π
exp
[
−1
2
(p−A sin(ζ −Bp))2
]
, (3.2)
where B = R56kLσE/E0 (for notational clarity, we
dropped primes in the arguments of f).
Integration of f over p gives the 1-D beam density
(number of particles per unit length) N as a function of
the coordinate ζ,
N(ζ) = N0
∫ ∞
−∞
dpf(ζ, p) . (3.3)
Noting that this density is a periodic function of ζ one
can expand it into Fourier series
N(ζ)
N0
= 1 +
∞∑
n=1
2bn cos(nζ) , (3.4)
where the coefficient bn is the bunching factor for the har-
monic n (see Section II.F). Calculations with the function
(3.2) give an analytical expression for bn (see, e.g., (Yu,
1991) and references therein) of the form,
bn = e
− 1
2
B2n2Jn(−ABn), (3.5)
where Jn is the Bessel function of order n.
Equation (3.5) indicates that by properly choosing the
energy modulation amplitude and the chicane’s disper-
sive strength, considerable bunching may be generated,
not only at the laser wavelength but also at higher har-
monics.
The phase space evolution in this scenario is illustrated
in Fig. 9. The sinusoidal energy modulation imprinted on
the beam by the laser is shown in Fig. 9b. After pass-
ing through a small chicane, half of the particles that
have the negative energy chirp (blue dots in Fig. 9b and
Fig. 9c) are compressed, while the other half with the
positive energy chirp (red dots in Fig. 9b and Fig. 9c)
are decompressed. As a result of this transformation,
the energy modulation is converted into a density mod-
ulation as in Fig. 9d, where the beam density consists of
many spikes equally separated by the laser wavelength.
These sharp peaks contain frequency components at both
the laser frequency and harmonic frequencies which can
be radiated coherently when the electron beam is sent
through a radiator.
In the limit of a large modulation amplitude, A ≫ 1,
the density (and hence current) spikes shown in Fig. 9d
become much larger than the initial beam density (cur-
rent) and the spike FWHM width ∆s much shorter than
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the laser period. Analysis of (3.2) shows that asymptot-
ically for large values of A,
Nmax
N0
≈ 1.5A2/3, ∆s ≈ 0.5λL
A
. (3.6)
More accurate fitting formulas for moderate values of
A ∼ 3−20 were obtained in Ref. (Zholents, 2005b), where
it was proposed to use the enhanced peak current in the
spikes for generation of a train of short pulses in an FEL.
The concept, dubbed ESASE, is described in detail in
Section V.D.
As described by Eq. (3.5), the exponential suppres-
sion factor makes it difficult to obtain usable bunching
factors for large values of n unless the dispersion B is
also reduced to B ∼ n−1. Because the Bessel function is
peaked when its argument is ∼ n, this in turn requires
an increase in the amplitude of the laser modulation to
approximately A ∼ n. Physically, this is because the
longitudinal phase space area is conserved, and when the
particles are locally compressed by n times to produce
harmonics up to the ∼ nth order, the slice energy spread
in this narrow region also increases by a factor of n. For
a beam with vanishingly small energy spread, very high
harmonics can be obtained since the maximal bunching
factor scales as bn ∼ n−1/3, as dictated by Jn. In real-
ity, however, it is typically desirable to keep the induced
energy spread small. Therefore, in practice, generation
of high harmonics is typically limited to values n around
10.
FIG. 9 Evolution of the longitudinal phase space in the
HGHG scheme with A = 3. (a) before the modulator; (b)
after the modulator; (c) after the chicane; (d) density distri-
bution after the chicane.
2. Combination of two modulators and one chicane
The significant growth in beam energy spread in one
modulator and one chicane bunching technique can be
mitigated to some extent with two modulators.
FIG. 10 Schematic of two HGHG variants to reduce beam
energy spread with two modulators and one chicane.
In the scheme considered in (Allaria and De Ninno,
2007; McNeil et al., 2005) (Fig. 10a), the modulator is
subdivided into two undulator sections, and a phase
shifter that delays the electron bunch by π in laser phase
is inserted in-between. The π phase shift can be achieved
with a small chicane with R56 = λL, or with one addi-
tional undulator period resonant at 1.5λL. A high power
laser (typically on the order of 10 GW) is first used to
generate a large energy modulation in the first undu-
lator section such that when the electron bunch goes
through the second undulator section, its energy mod-
ulation is gradually converted into density modulation
only from the dispersive strength R56 = 2NuλL of the
second undulator. Therefore, in the second undulator
section the same laser partially reverses the modulation
imprinted in the first undulator section, reducing the in-
duced energy spread. Finally, the electron bunch is sent
through a weak chicane that is used to maximize the
bunching at high harmonics. Overall, the reduced en-
ergy spread achieved in this scheme allows bunching at
approximately twice the harmonic number of that practi-
cally obtained in the conventional scheme with only one
modulator (Allaria and De Ninno, 2007).
An alternate way to reduce the energy spread is to use
a second modulator after the beam goes through the chi-
cane (Jia, 2008) (Fig. 10b). This is illustrated in Fig. 11
where for simplicity we assume particles’ longitudinal po-
sitions do not change in the modulators. In this example,
the energy modulation is ten times larger than beam slice
energy spread. As can be seen in Fig. 11a, after passing
through a small chicane, half of the particles stand up to
provide about 15% bunching at the 10th harmonic (Jia,
2008). A laser shifted by π is then used in the second
modulator section to cancel part of the modulation (red
line in Fig. 11a). This partially removes the induced cor-
related energy spread for the un-bunched particles and
leads to the phase space distribution shown in Fig. 11b.
The particles’ projected energy distribution before and
after the second laser modulation is shown in Fig. 11c
where one can clearly see that the beam energy spread is
reduced (by about 30% in this example).
It should be pointed out that for both schemes, the
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FIG. 11 (a) Phase space after passing through the chicane
and the corresponding energy modulation (black curve) in the
second modulator; (b) phase space after the reverse modula-
tion in the second modulator; (c) energy distribution before
(blue dashed curve) and after (red curve) the reverse modu-
lation.
beam longitudinal phase spaces deviate from sinusoidal
distributions when the beam interacts with the laser in
the second modulator. Therefore, cancelation of the en-
ergy modulation in these schemes is not complete. This
imperfection is illustrated in Fig. 11a where one can see
that the bunched particles are at the zero-crossing of the
second laser and their energy spread cannot be reduced.
For HGHG schemes, however, this reduction of the en-
ergy spread in the unbunched portion of the beam can
lead to better overall FEL performance as these electrons
are recollected to a narrowed region of the gain band-
width.
3. Combination of two modulators and two chicanes
Consider now two modulators and two dispersion
sections shown in Fig. 12. This scheme was pro-
posed in (Stupakov, 2009; Xiang and Stupakov, 2009)
under the name of Echo-Enabled Harmonic Generation
(EEHG). Compared to HGHG and its variants, EEHG
can produce a much higher harmonic with a relatively
small energy modulation. In this scheme, a laser pulse
with frequency ω1 is used to modulate the beam energy
with amplitude ∆E1 in the first undulator tuned at that
frequency. After passing through the first dispersion sec-
tion with R
(1)
56 , the beam energy is then modulated in
the second undulator (modulator 2) with amplitude ∆E2
tuned to the frequency ω2 of the second laser beam (ω2
can be equal to ω1). The beam then passes through the
second dispersion section with R
(2)
56 to produce a density
modulation at the frequency nω1+mω2, where n and m
FIG. 12 Schematic of the EEHG.
are integers.
The mathematical formulation of EEHG process is
similar to the derivation outlined in Section III.A.1. The
final distribution function at the exit from the second
dispersion section can be easily found by consecutively
applying two more transformations to (3.1) and (3.2).
The resulting final distribution function ff is:
ff (ζ, p) =
N0√
2π
exp
[
−1
2
(
p−A2 sin(Kζ −KB2p+ ψ)
−A1 sin(ζ − (B1 +B2)p
+A2B1 sin(Kζ −KB2p+ ψ))
)2]
, (3.7)
where ζ = k1s, K = k2/k1 with k1 = ω1/c and k2 =
ω2/c, A1 = ∆E1/σE , A2 = ∆E2/σE , B1 = R(1)56 k1σE/E0,
B2 = R
(2)
56 k1σE/E0, and ψ is the phase difference of the
two lasers.
Integration of this formula over p again gives the beam
density N as a function of ζ, N(ζ) =
∫∞
−∞
dpff(ζ, p).
Analysis shows (Xiang and Stupakov, 2009) that at the
exit from the system the beam turns out to be modulated
at a combination of multiple wavenumbers of both lasers,
N(s)
N0
=
∞∑
n,m=−∞
2bn,m cos[(nk1 +mk2)s+ ψn,m] ,
(3.8)
where ψn,m is the modulation phase. Assuming A1B1 ≫
1, The bunching factors bn,m are found to be independent
of the relative phase of the two lasers and are given by
bn,m = e
− 1
2
(nB1+(Km+n)B2)
2
Jm(−(Km+ n)A2B2)
× Jn(−A1(nB1 + (Km+ n)B2)), (3.9)
where Jn is the Bessel function of order n.
The evolution of the phase space through the system is
graphically illustrated in Fig. 13. A crucial feature of the
EEHG technique is that the first energy modulation is
macroscopically smeared after beam passes through the
first chicane with strong dispersion (middle right panel
in Fig. 13). This introduces complicated fine-scale struc-
tures (separated energy bands) into the phase space of
the beam. After a second modulation, a density modula-
tion then reappears after beam passes through a second
chicane (bottom right panel in Fig. 13), like an echo.
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FIG. 13 Evolution of the longitudinal phase space of the beam
through an EEHG system in a 1-D model. Top left: initial
phase space, top right: phase space after the first modulator,
middle left: phase space in the center of the first chicane,
middle right: phase space after the first chicane, bottom left:
phase space after the second modulation, bottom right: phase
space at the exit after the second chicane. The vertical axis
is p and the horizontal axis is s/λL (both lasers are assumed
of the same frequency). Shown are three laser periods.
It is of practical interest to maximize the bunch-
ing factor at a high laser harmonic by varying the
modulation amplitudes A1 and A2 and the strength of
the dispersive elements B1 and B2. It was shown in
Ref. (Xiang and Stupakov, 2009) that the maximum is
achieved when n = −1 and m > 0, and for large values
of m the maximized value of b−1,m is given by
b−1,m ≈ F (A1)
m1/3
, (3.10)
where function F (A1) is shown in Fig. 14.
Asymptotically, for A1 ≫ 1, function F approaches the
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FIG. 14 Function F (A1) from Eq. (3.10).
value of 0.39. Remarkably, and in contrast with (3.5),
Eq. (3.10) does not show the exponential suppression
of high harmonics; rather, in an optimized setup, the
bunching factor slowly decays as m−1/3 even for modest
values of A1 and A2. This is the main advantage of the
EEHG scheme.
Note that the bunching factor at high harmonics
in the EEHG, HGHG and CHG related schemes can
be considerably increased if one can use a synthe-
sized laser waveform that approximates a sawtooth pro-
file (Ratner and Chao, 2011; Stupakov and Zolotorev,
2011). This can, in principle, be achieved by combin-
ing two or three laser harmonics with properly adjusted
amplitudes and phases, or through manipulation of the
beam phase space with a single harmonic as discussed in
Section III.E.
As one can see from Fig. 13, the evolution of the beam
phase space passes through a stage where it is “shredded”
horizontally into narrow slices (the middle right panel in
the figure, corresponding to the position after the first
chicane). This means that the beam energy distribution
is split into multiple narrow spikes with the width of each
spike much smaller than the original energy spread of the
beam. Analysis shows that the width of the spikes ∆E is
of the order of ∆E ∼ A1σE/m, inversely proportional to
the harmonic number m. Such a distribution function is
sensitive to the energy diffusion processes in the system,
such as quantum diffusion due to incoherent synchrotron
radiation in magnetic fields, and intra-beam scattering.
It seems likely that these effects set the upper limit on
the maximally achievable harmonic multiplication factor
in the EEHG scheme in practice (Stupakov, 2011, 2013).
B. Optical microbunching for laser acceleration
Laser manipulation schemes designed to generate co-
herent microbunching in the electron beam also have ap-
plications in advanced laser-based accelerators such as
the inverse FEL (IFEL), inverse transition radiation ac-
celerator (Plettner et al., 2005), dielectric laser accelera-
tor (Breuer and Hommelhoff, 2013; Peralta et al., 2013),
and acceleration through stimulated emission of radiation
in an excited medium (Scha¨chter, 1995). Of particular in-
terest is the IFEL where acceleration can be maintained
over a large distance to yield GeV electrons. In contrast
to FELs where energy is transferred from the electron
beam to the radiated electromagnetic fields, in IFELs, a
high-power input laser resonantly transfers energy to the
transversely wiggling electrons, boosting them to high en-
ergies using potentially large (0.5-1 GeV/m) accelerating
gradients.
The IFEL concept dates back over 40 years to Palmer,
who suggested that relativistic electrons could be con-
tinuously accelerated by electromagnetic waves in a he-
lical undulator (Palmer, 1972). Later, the authors of
Ref. (Courant et al., 1985) presented a comprehensive
analysis for both planar and helical undulators that in-
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cluded the effects of synchrotron radiation losses, as well
as energy transfer enhancements obtained from undu-
lator tapering. Based on these principles, several sin-
gle stage IFEL experiments followed, with accelerat-
ing wavelengths in the microwave regime (Yoder et al.,
2001), at 1.6 mm (Wernick and Marshall, 1992), and
at 10.6 µm, both at the fundamental undulator reso-
nance (van Steenbergen et al., 1996), and including the
second harmonic of a planar undulator (Musumeci et al.,
2005b). The latter experiment at UCLA used a strongly
tapered design to achieve a 70 MeV/m accelerating gra-
dient for 5% of the electrons with a 2×1014 W/cm2 CO2
laser. Recent experiments with a strongly tapered helical
undulator show the energy doubling of a 50 MeV beam
over a 60 cm undulator (Duris et al., 2012a).
While the IFEL concept holds potential to reduce the
size and cost of modern particle accelerators through en-
hanced accelerating gradients enabled by modern laser
systems, a drawback common to laser-based single-stage
IFELs is the large final electron beam energy spread
(100%) and poor capture efficiency. This occurs be-
cause the electron beam is typically much longer than
the laser wavelength, so electrons are evenly distributed
across both the accelerating and decelerating phases dur-
ing the IFEL interaction. The result is a somewhat in-
efficient acceleration process and a large global energy
spread, since only a fraction of the electrons are at the
correct phase to be captured and boosted to the final
peak energy. As noted in the original paper by Palmer,
both the efficiency and the energy spread can be signifi-
cantly improved by first microbunching the beam so that
electrons are piled together within a small fraction of the
accelerating phase. Such staged schemes rely on an ini-
tial modulator/dispersive section (pre-buncher) where a
laser generates a constant sinusoidal energy modulation
and a downstream dispersive section (either a drift or a
chicane) then generates spatial density bunching at the
period of the accelerating laser wavelength.
Several experiments based on the two-stage laser accel-
eration technique have been performed in recent years. In
2001, the STELLA experiment at Brookhaven National
Laboratory used a high peak power (> 100 MW) 10.6
µm CO2 laser to first modulate and then boost electrons
in a 45 MeV beam by ∼1-2 MeV over a 33 cm undu-
lator (Kimura et al., 2001). While the final relative en-
ergy spread of the accelerated electrons was somewhat
large (2%), subsequent upgrades showed improved cap-
ture efficiency and reduced energy spread with the addi-
tion of a small chicane (to reduce the required first energy
modulation) and gap tapered undulator (Kimura et al.,
2004). Results showed ∼80% of the electrons were cap-
tured and accelerated, with 14% boosted by 7 MeV with
a 0.36% relative energy spread (see Fig. 15). More re-
cently, two-stage accelerators in the 800 nm range have
been demonstrated at the NLCTA at SLAC; one using in-
verse transition radiation to accelerate the microbunched
FIG. 15 Two stage IFEL energy output spectrum (From
(Kimura et al., 2004)).
beam (Sears et al., 2008), and another using the IFEL
interaction at the 3rd harmonic of a planar undulator
(Dunning et al., 2013b).
The staged approach to laser accelerator injectors has
distinct advantages compared to a single stage, both in
terms of the efficiency and the final beam parameters.
For example, an energy modulation generated by multi-
ple harmonic laser frequencies with the proper relative
phases and amplitudes allows one to linearize the elec-
tron beam phase space at the optical wavelength prior
to IFEL injection. This places more electrons into the
accelerating phase and enhances the capture efficiency
(Musumeci et al., 2005a; Pottorf and Wang, 2002). Such
a scheme can be implemented in a single planar undu-
lator to generate a sawtooth-type energy distribution,
where the electron beam couples with both the odd and
the even harmonics by injecting the laser at a small an-
gle (Duris et al., 2012b). Alternatively, multiple staged
modulations at the same laser frequency, mediated by
dispersion, can adiabatically fold electrons up into the ac-
celerating bucket to increase the bunching factor to near
unity (Fig. 16)(Hemsing and Xiang, 2013). For instance,
Fig. 16 shows the phase space evolution in a staged adi-
abatic buncher with three modulator-chicane modules in
which the modulation amplitude is increasing and the
dispersion strength is decreasing in each stage. In this
scheme, each chicane is used to rotate the local phase
space so as to deposit the maximum number of particles
into the phase region π/2 < kLs < 3π/4, leading to a
bunching factor of about 92% at the laser frequency.
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FIG. 16 Phase space in staged adiabatic buncher
with three modulator-chicane modules (modified from
(Hemsing and Xiang, 2013)). Phase space evolution in the
first modulator-chicane module (top), in the second modula-
tor (middle) and in the third module (bottom).
C. Creating long-scale structures for narrow-band
Terahertz radiation
Beams with density modulations at sub-mm wave-
lengths may be used to resonantly excite wake fields for
advanced accelerators (Kumar et al., 2010; Muggli et al.,
2008), and for the generation of narrow-band THz radia-
tion (Bielawski et al., 2008; Shen et al., 2011)). Analysis
shows that in addition to creating fine structures in the
beam density distribution for the generation of fully co-
herent radiation at shorter wavelengths, the EEHG tech-
nique may also be used to produce long-scale density
modulations (with modulation periods much longer than
the laser wavelengths). For instance, it can be seen from
Eq. (3.8) that with n = 1 and m = −1 (or vice versa), a
density modulation at the difference frequency |k1−k2| of
the two lasers can be generated with a double modulator-
chicane system. In particular, if the wavelengths of the
two lasers are close to each other, the difference frequency
will be much lower than the laser frequency. Therefore,
one may generate long-scale periodic structures in the
electron beam through short-wavelength laser modula-
tions.
In contrast to the EEHG scheme, the chicane between
the two modulators is not necessary for this application
(Xiang and Stupakov, 2009) although it can provide an
additional tuning knob. To illustrate the physics, the
beam longitudinal phase space evolution in a simpler con-
figuration with two modulators and one chicane is shown
in Fig. 17. As before, in the first undulator a laser with
wavelength λ1 is used to generate energy modulation in
the beam phase space (Fig. 17a). After interaction with
the second laser with wavelength λ2 = 0.9λ1, the beam
phase space consists of a slow modulation at the dif-
ference frequency superimposed on the initial sinusoidal
modulation (Fig. 17b). After passing through a chicane,
the energy modulation at the difference frequency (with
wavelength at λ1λ2/(|λ1 − λ2|)) is converted into a den-
sity modulation (Fig. 17c). The resulting beam current
has a modulation period of about 10λ1 (Fig. 17d). In
this scheme, the relativistic electron beam is used as the
nonlinear medium to down-convert the frequency of two
optical lasers to the THz range.
FIG. 17 Evolution of the longitudinal phase space in differ-
ence frequency generation with two modulators and one chi-
cane. (a) after the first modulator; (b) after the second mod-
ulator; (c) after the chicane; (d) final current distribution.
This difference-frequency generation scheme does not
necessarily require the wavelengths of the two lasers to
be close to each other. Actually it applies to the general
cases when λ1/n is close to λ2/m. For instance, a den-
sity modulation around 10 THz can be generated by two
lasers with wavelengths λ1 = 780 nm and λ2 = 800 nm
(corresponding to n = 1,m = −1), λ1 = 780 nm and
λ2 = 1600 nm (corresponding to n = 1,m = −2), or
λ1 = 780 nm and λ2 = 2400 nm (corresponding to
n = 1,m = −3), etc. The scenario with n = 1 and
m = −2 is particularly useful for providing tunable THz
radiation in a wide frequency range with commercially
available IR laser systems. For example, an optical para-
metric amplifier (OPA) pumped by Ti:Sapphire laser at
∼ 800 nm can easily provide a tunable signal beam from
1.1 µm to 3 µm (Cerullo and De Silverstri, 2003). When
combined with a Ti:Sapphire laser at ∼ 800 nm, the sce-
nario with n = 1 and m = −2 allows one to generate
density modulations covering the whole THz gap.
While only one chicane is needed to generate THz den-
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tween the two modulators offers more flexibility in that
it allows the generation of THz structures in an energy-
chirped beam with two lasers of the same wavelength.
This scenario can be understood as a four-step process.
First, the laser interacts with the beam in the first mod-
ulator and generates an energy modulation at the wave
number k1. Second, the modulation frequency is com-
pressed (or decompressed) to C1k1 from the combination
of the global energy chirp and momentum compaction
of the first chicane, where C1 is the compression factor.
Third, the energy modulation at C1k1 is superimposed
on top of the energy modulation at k1 from the second
laser in the second modulator. Last, the difference fre-
quency of the energy modulation at (C1 − 1)k1 is com-
pressed (or decompressed) again with compression factor
C2, and is further converted into density modulation at
(C1 − 1)k1C2 after passing through the second chicane.
This technique was demonstrated at SLAC’s NLCTA
where a density modulation around 10 THz was gener-
ated by down-converting the frequencies of an 800 nm
laser and a 1550 nm laser (Dunning et al., 2012). Once
the density modulation is formed, it is then straightfor-
ward to send the beam through a bending magnet or a
metallic foil to generate coherent narrow-band THz ra-
diation. One of the many advantages of this technique
is the flexibility it offers to tune the central frequency of
the modulation, which can be achieved through tuning of
the laser wavelengths, beam energy chirp, and/or chicane
momentum compaction.
D. Creating 3-D fine structures for the generation of light
with orbital angular momentum
While the primary aim of most laser-based electron
beam manipulation techniques is tailoring of the lon-
gitudinal phase space, there are also schemes targeted
at generating highly-correlated, complex distributions in
the larger phase space. Because the light emitted by the
electron beam will have a phase structure determined by
the microbunching distribution, precision manipulation
of the 3-D coherent electron distribution allows emission
of exotic light beams that can expand the repertoire of
modern light sources.
Of specific recent interest are light beams that carry
orbital angular momentum (OAM). These “optical vor-
tex” modes have an annular-shaped intensity profile and
carry discrete values l~ of OAM per photon as a re-
sult of a eilφ dependence, where φ is the azimuthal co-
ordinate and l is an integer. OAM beams were first
investigated in Ref. (Allen et al., 1992), and have be-
come the subject of intense interest in numerous contexts
(Allen et al., 2003). The multitude of emerging applica-
tions enabled by optical OAM light suggests exciting new
research opportunities in the hard x-ray regime where
well-defined OAM provides an additional degree of free-
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FIG. 18 Helically bunched beam for the emission of coherent
OAM light. (From Ref. (Hemsing et al., 2009a))
dom to probe the deep structure and behavior of mat-
ter (Molina-Terriza et al., 2007; Padgett and Bowman,
2011).
The harmonics of radiation produced in a helical un-
dulator naturally carry approximately ±(n − 1)~ units
of OAM per photon, where n is the harmonic number
(Bahrdt et al., 2013; Sasaki and McNulty, 2008). Thus,
one can select a specific OAM value with a simple
monochromator. Alternatively, coherent OAM light can
be emitted at the fundamental frequency in an undulator
(either planar or helical) by an electron beam that is heli-
cally microbunched, such that the electrons are arranged
in a twist about the beam axis, with a helical period
that matches the resonant wavelength of the undulator
radiation. An illustration of such a beam is shown in
Figure 18. Such a fine scale 3-D structure can be gen-
erated by the interaction of the beam with a laser in an
undulator in two different ways, both described briefly in
this section. A straightforward method is to modulate
the beam with OAM laser modes at the fundamental
frequency. In this case the transverse spatial field de-
pendence maps directly to the energy kick experienced
by the particle. A second method, which may be useful
at short wavelengths, relies on coupling to harmonics of
helical undulators. In this case, a laser mode with a sim-
ple structure (such as a TEM00 mode) can be used and
the correlated helical structure emerges naturally as the
electrons interact with different regions of the laser field
profile.
1. Helical energy modulation
To illustrate the concept, consider the rate of energy
change equation in (2.20)
dγ(x⊥, z)
dz
=
e
mc2
E(x⊥, z) · dx⊥
dz
(3.11)
where here the energy change is shown to depend ex-
plicitly on the electron’s transverse position x⊥(z) in the
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laser field,
x⊥(z) = x0 + x˜(z), (3.12)
where x0 = (r, φ) the secular offset and x˜ the motion due
to the undulator fields.
Let us assume that the electric field polarization is
matched to the direction of electron motion, and that
the laser Rayleigh length zR is much longer than the un-
dulator length Lu such that we neglect variation of the
electric field amplitude versus z in the undulator. Ex-
panding the field about x0 gives two terms that illustrate
the two different ways to produce the helical structure,
E(x⊥) ≃ E(x0) + (x˜ · ∇)E(x0). (3.13)
The first term describes the interaction at the fundamen-
tal frequency where the spatial distribution of the higher
order laser field is imprinted directly on the electron
beam energy distribution. Considering only this term
for the moment, for simplicity we assume a Laguerre-
Gaussian type laser seed mode and write the field as
E(x0) = E˜(r) cos [kL(z − ct) + lφ] , (3.14)
where the function E˜(r) can be found by comparing this
equation with (2.13). Substituting (3.14) into the energy
rate of change equation (3.11) and integrating over the
undulator length, the energy deviation is,
∆γ(r, s, φ) = −eKE˜(r)Lu√
2γmc2
sin(kLs+ lφ), (3.15)
where r is the radial offset of the electron orbit relative
to the axis of the laser beam. As before, the change in
particle position is neglected to lowest order. Further,
because a helical correlation exists between the s and φ
coordinates in the argument of sine function in (3.15),
the electron beam obtains a helical energy modulation,
defined by the helices with constant values of ∆γ(r).
Passing this beam through a chicane will then generate
a helically density modulated beam, as discussed in the
following section. Note that this laser interaction also
produces an angular modulation of the electrons, but in
all practical cases, this modulation is negligibly small.
At short wavelengths, however, an OAM light beam
may not be available. In this case, a similar helical
energy modulation is obtained through the interaction
of a light beam without OAM (like a simple Gaus-
sian laser) with the electrons in a helical undulator.
The modulation is produced through coupling to the
(x˜ · ∇)E(x0) term in (3.13) that is realized when the
carrier frequency of the light beam is resonant with a
higher-harmonic emission frequency in a helical undula-
tor (Bahrdt et al., 2013; Sasaki and McNulty, 2008), as
discussed in (Hemsing et al., 2011). Accordingly, this ef-
fect enables tailored manipulation of electrons at much
shorter wavelengths because the input laser beam can be
generated by an upstream x-ray FEL, for example, in
an arrangement similar to the self-seeding technique re-
ported in (Amann et al., 2012). To illustrate, consider
a simple light beam with a radially symmetric Gaussian
mode without azimuthal dependence, (l = 0). At the
second harmonic resonance in the helical undulator, the
change in energy according to (3.11) and (3.13) is,
∆γ = ∓ eK
2Lu
2
√
2γ2mc2ku
∂
∂r
E˜(r) cos(kLs∓ φ) (3.16)
where the upper (lower) sign refers to the right (left)
handedness of the helical undulator field. Much like
(3.15), the energy modulation is precisely that of an
OAM-type light beam with a helical phase and axial null
(no modulation on axis).
2. Creating 3-D density structures in the beam
To convert the helical energy modulation into heli-
cal microbunching for OAM light emission, the electrons
must move longitudinally so that they create a helical
density distribution. At low energies, this longitudinal
rearrangement occurs naturally through a drift section,
or even during transport through the modulator. In Ref
(Hemsing et al., 2012), evidence of helical microbunching
was first observed in a 12.5 MeV electron beam mod-
ulated in a helical undulator at the second harmonic
by a Gaussian 10.6 µm CO2 laser. Transport through
the modulator was sufficient to generate helical bunch-
ing, which was characterized indirectly from the coherent
transition radiation (CTR) of the electrons.
For higher energy beams however, the longitudinal mo-
tion of the particles is too small to generate density
bunching, so the helical distribution is generated by pass-
ing the beam through a longitudinally dispersive section
characterized by the matrix element R56. Calculations
of the density modulation introduced in the beam fol-
low closely those of Section III.A, so we will only briefly
outline them here using the same notation as in Sec-
tion III.A. For the initial distribution function of the
beam we now assume f0(r, p) = (2π)
−1/2N0(r)e
−p2/2,
where N0(r) gives the radial profile of the beam density.
Eq. (3.1) for the energy modulation in either (3.15) or
(3.16) is now replaced by
p′ = p+A(r) sin(kLs+ lφ) (3.17)
which, in addition to having the phase φ dependence,
takes into account the radial dependence of the energy
modulation. After passage through the chicane the beam
density becomes modulated along s as well as in the az-
imuthal direction,
N(r, φ, s) = N0(r)
[
1 +
∞∑
n=1
2bn(r) cos(nkLs+ nlφ)
]
,
(3.18)
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FIG. 19 OAM light emitted by a 120 MeV electron beam that
had been helically microbunched by a Gaussian mode laser
at the second harmonic of a helical undulator. The trans-
verse phase structure (right) was reconstructed from inten-
sity images (left) of the far-field undulator emission. (From
(Hemsing et al., 2013)).
where
bn(r) = e
− 1
2
B2n2Jn[−A(r)Bn], (3.19)
(see Eq. (3.4)). Note that all final azimuthal density
modes excited in the beam have the same up-conversion
factor n as the frequency. Higher-order OAM light can
therefore be emitted from the beam at harmonic frequen-
cies of the light used to generate the energy modulation
which, through Eq. (3.16), need not be OAM light by
virtue of the harmonic interaction in the helical modula-
tor.
This technique was recently demonstrated at high en-
ergy in (Hemsing et al., 2013). OAM light emitted from
a 120 MeV beam at the first harmonic in a linearly po-
larized undulator was observed. Helical microbunching
was produced as the beam passed through an R56 = 1.9
mm chicane, after being modulated in a helical undula-
tor tuned to a 1.6 µm wavelength at the fundamental
resonance. There, the harmonic interaction, governed by
Eq. (3.16) with a 800 nm Gaussian laser profile, pro-
duced a helical energy modulation. The spiral density
distribution emitted coherent OAM light (Fig. 19) with
a characteristic hollow intensity profile and l=1 helical
phase, in agreement with expectations.
The helical microbunching principle can be ex-
panded to multi-modulator/chicane techniques such as
EEHG to further shorten the wavelength of the coher-
ent emission of the OAM light, or also increase the
OAM mode number, l. Dubbed Echo-v (for vortex)
(Hemsing and Marinelli, 2012), the beam is modulated
in two undulators with the dimensionless energy mod-
ulation given by p′ = p + A1(r) sin(k1s + l1φ) and
p′ = p+A2(r) sin(k2s+l2φ), respectively, with each mod-
ulation followed by a chicane. Calculation of the density
modulation in this case repeats the EEHG analysis in
Section III.A.3 and gives [see Eq. (3.8)]
N(r, φ, s) = N0(r)
∞∑
n,m=−∞
2bn,m(r) (3.20)
× cos[(nk1 +mk2)s+ (nl1 +ml2)φ + ψn,m],
with the coefficients bn,m(r) given by (3.9). Note that
the azimuthal dependence is now given by lφ with
l = nl1 +ml2. (3.21)
Optimization of the bunching factor shows that large
frequency up-conversion takes place for m large, and n
small. Thus, depending on the individual values of l1 and
l2 in each modualtor, Echo-v enables large up-conversion
of the frequency and l mode either simultaneously, or
independently. By up-converting both together, (i.e.,
l1 = 0, l2 6= 0) one can emit optical vortices with large l
at high-harmonics. Alternately, large frequency harmon-
ics can be generated with little or no change in l, (i.e.,
l1 6= 0, l2 = 0), so that the helical distribution generated
at one frequency can be passed to a different frequency.
E. Synthesis of radiation with an arbitrary waveform
Laser modulators combined with dispersive chicanes
provide fine scale control of the electron beam current
distribution. While high-harmonics of the laser frequency
can be generated in the electron beam by tuning the
modulation amplitude and chicane dispersion (see Sec-
tion III.A), recently proposed schemes employing several
modulator-chicane cascades also allow one to precisely
tailor the harmonic content of the electron peak cur-
rent distribution and radiation at the scale of the op-
tical wavelength, in some cases using only a single laser
(Hemsing and Xiang, 2013). As described further below,
such systems can behave as optical analogues of conven-
tional rf function generators, suggesting new ways to pro-
duce radiation with customized waveforms.
As an example manipulation procedure, in Fig. 20
we show how one can partially linearize a portion of a
sinusoidal modulation. The energy modulation gener-
ated by an initial sinusoidal laser field (Fig. 20a) creates
a local chirp in the beam as a function of s given by
h = dp/ds = A1kL cos(kLs). After passage through the
following dispersion section (Fig. 20b), the regions where
h > 0 become stretched, while the the regions where
h < 0 become compressed. At a dispersion strength of
B ≃ 1/A1, the negatively chirped regions at kLs = ±π
in each optical cycle are fully compressed, and half of the
particles are localized in this narrowed region of phase.
The other half are stretched over the decompressed re-
gions extending in each optical cycle from −λ1/2 to λ1/2
and form a sinusoid with twice the wavelength of λ1, as
shown with a dashed line in Fig. 20b. Now the second
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FIG. 20 Optical scale linearization of the longitudinal
phase space performed by two laser modulators at the
same frequency, mediated by dispersive chicane. (From
(Hemsing and Xiang, 2013)).
laser with k2 = kL can interact on electrons in this region
like the second harmonic frequency, and can therefore
be used to partially linearize the modulation as shown
in Fig. 20c. In principle, this piecewise manipulation
of specific phase space regions allows successive phase-
stable modulations precise control over the phase space
distribution within a single wavelength, and can lead to
enhancements in the achievable microbunching factors in
harmonic generation and IFEL schemes.
Radiation waveform synthesis is another example of
how cascaded laser manipulations may be used in the
“beam by design” concept. In this case, the electron
beam current distribution is arranged to have the precise
spectral components of a desired waveform, which is then
emitted by the electron beam. This works because the
electric field spectrum produced in the radiator is pro-
portional to the Fourier transform of the beam current
distribution, which is just the bunching factor. Thus, in
the typical scenario where the electron beam has trans-
verse dimensions smaller than the transverse coherence
size of the radiation field, the electric field spectrum is
dominated by the longitudinal electron beam distribution
and is given by Eq. (2.50). We can replace the summa-
tion over the particles in this equation by averaging over
the longitudinal distribution function,
E˜b(ω) = Ne
∫
E˜(ω)f(p, s)e−iωs/cdpds
=
1
ec
∫
E˜(ω)I(s)e−iωs/cds, (3.22)
where E˜(ω) is the Fourier transform of the single particle
emission field and I(s) = ecNe
∫
f(p, s)dp is the beam
current. If the radiator emission spectrum is flat over
the relevant microbunching spectrum then E˜(ω) can be
treated as a constant. In this case, the emitted spatial
electric field distribution is simply given by the beam
current distribution, Eb(t) ∝ I(t).
Consider the example of a square waveform, which is
described by the sum odd harmonics 2n−1 of the carrier
frequency kL with amplitudes that scale as 1/(2n − 1).
Shown in Fig. 21, successive laser modulations at the fre-
quency kL, mediated by dispersion in two chicanes, gen-
erate a complicated electron beam phase space (red) that
has a square wave current projection (blue) on the scale
FIG. 21 Generation of odd-harmonic bunching with ampli-
tudes b((2n − 1)kL) = b(kL)/(2n − 1) for the emission of
square wavefrom fields with a double modulator-chicane sys-
tem. Top: Modified phase space and current distribution
with A1 = 10, A2 = 1.388, B1 = 0.295, B2 = −0.551,
φ2 = φ3 = 0; Bottom: bunching factors for various harmon-
ics.(From (Hemsing and Xiang, 2013)).
of the laser wavelength. The associated bunching spec-
trum displays a series of harmonic peaks whose magni-
tudes decrease in accord with the decreasing amplitudes
1/(2n−1) of the square waveform harmonics (decreasing
line). As a result of this coherent structure, synthesized
by modulations at a single laser frequency and disper-
sion, this beam with then radiate a square waveform in
a broadband radiator (Hemsing and Xiang, 2013).
IV. BEAM MANIPULATION FOR SYNCHROTRON
LIGHT SOURCES
Storage ring synchrotron light sources produce high-
brightness electromagnetic radiation in the spectral re-
gion extending from infrared to hard x-rays. A typi-
cal facility, illustrated in Fig. 22, consists of an injec-
tor, booster synchrotron, transport lines between accel-
erators, a large storage ring with radiation-production
devices, and numerous dedicated beamlines and exper-
imental stations (Winick, 1995). The injector normally
includes an electron linac equipped with an electron gun
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and a booster synchrotron. Most of the contemporary
synchrotron light sources operate with a “top-up” in-
jection (Emery and Borland, 1999) to keep the electron
beam current in the storage ring practically constant and,
thus, use a full energy booster synchrotron. Electron
storage ring technology has evolved considerably over the
last 50 years, and in doing so, has led to highly reliable
machines with many attractive features (discussed be-
low) including simultaneous service to many users with
diverse experimental programs.
FIG. 22 Typical layout of a storage ring light source.
A brief description of the historical development of syn-
chrotrons is given in (Zhao, 2010). In this section, we
give an overview of the properties of the electron beams
and radiation produced in storage ring light sources, and
show how laser-based beam manipulations may enhance
their capabilities.
A. Storage ring synchrotron light sources
In a storage ring light source, an electron beam circu-
lates around the ring repetitively for hours with remark-
able orbit stability (on the order of a few microns in posi-
tion and few microradians in angle (Decker, 2005)), pro-
ducing electromagnetic radiation via spontaneous emis-
sion in dipole magnets, wigglers, and undulators. Un-
dulators provide the most concentrated radiation, with
the rms radiation divergence given by σr′ =
√
λr/πLu,
where λr is the radiation wavelength and Lu is the un-
dulator length, and an rms transverse radiation size at
the source of σr =
1
4
√
λrLu/π (Attwood, 2000). The
on-axis spectrum is concentrated at the fundamental
wavelength and its odd harmonics, each with bandwidth
∆λr/λr ≈ 1/nNu at FWHM, where n is the harmonic
number. It should be noted that the undulator band-
width is affected by the energy spread of electrons, but
in most practical cases this is only visible at high undula-
tor harmonics. The spectral photon flux F measures the
rate of photon flow within a particular bandwidth, and
is usually expressed in the units of number of photons
per unit time in 0.1% of the relative spectral bandwidth.
Typically F ∼ 1013− 1015 (ph/s/0.1% BW). The bright-
ness of the radiation B is defined as the photon flux per
unit source area and per unit solid angle of the radiation:
B =
F
(2π)
2√
σ2x + σ
2
r
√
σ2x′ + σ
2
r′
√
σ2y + σ
2
r
√
σ2y′ + σ
2
r′
(4.1)
where σx,y are the horizontal and vertical electron beam
sizes, and σx′,y′ are horizontal and vertical divergence
of the electron beam in the undulator. The brightness
is traditionally expressed in the following units (Kim,
1986a):
number of photons
s (0.1%bandwidth) (mm)
2
(mrad)
2 . (4.2)
The highest brightness is achieved when the horizontal
and vertical beta functions in the undulator correspond
to βx = βy ≃ Lu/4. In this case
B =
F
(2π)2ǫ2r (1 + ǫx/ǫr) (1 + ǫy/ǫr)
(4.3)
where ǫr = λr/4π is the radiation emittance. In all con-
temporary storage ring light sources the horizontal elec-
tron beam emittance ǫx is much larger than the verti-
cal emittance ǫy and also much larger than ǫr, which
is typically comparable to ǫy. Thus, one finds from
Eq. (4.3) that the undulator brightness is smaller than
the brightness of a hypothetical diffraction-limited light
source by a large factor ǫx/ǫr ∼ 102 − 103, depend-
ing on the photon energy. Presently, efforts are ongoing
to design a such source (Borland, 2012; Cai et al., 2012;
Einfeld et al., 1995; Leemann et al., 2009) that would
have B ∼ 1020 − 1023 (ph/s/0.1% BW/mm2/mrad2).
The origin of the electron beam horizontal emittance
in the storage rings is due to electron orbit excitations
from the random emission of photons and synchrotron
radiation damping (Wiedemann, 2003). The same phe-
nomenon also contributes to the electron beam energy
spread σE , which is related to the beam emittance by
ǫx ≃ C(ρ/ν3x)(σE/E0)2, where C is the numerical coef-
ficient that depends on the details of the storage ring
lattice, ρ is the bending radius, and νx is the horizontal
betatron tune (Sands, 1970). Designs of diffraction lim-
ited synchrotron light sources seek to take advantage of
the strong ǫx dependence on νx to lower ǫx.
The equilibrium energy spread σE can be calculated by
considering the rms deviation of the number of photons
emitted in one damping time from the mean number nq.
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To get a qualitative feeling for the order of magnitude
of the effect, we use the critical frequency of the syn-
chrotron radiation in the bending magnet ωc =
3
2cγ
3/ρ
(Wiedemann, 2003) and obtain a mean number of emit-
ted photons nq ≃ E0/~ωc. The rms deviation from nq
is equal to
√
nq (assuming a Poisson distribution) which
gives an rms energy spread of σE ≃ ~ωc√nq ≃
√E0~ωc.
B. Challenges in producing short x-ray pulses in
synchrotrons
The rms beam energy spread defined in IV.A also af-
fects the rms bunch length which, in the zero-current
approximation, equals (Sands, 1970):
σs = R¯
αc
νs
σE
E0 , (4.4)
where R¯ the average machine radius, αc ≃ 1/ν2x is
the momentum compaction factor, and νs is the syn-
chrotron tune which is the number of longitudinal oscil-
lations per revolution. Typically σs/c is on the order of
a few tens of ps. However, as the single-bunch electron
beam current increases to a few mA, the bunch length
also increases due to impact of the self-induced fields
(Bane and Wilson, 1977; Pellegrini and Sessler, 1971)
and the microwave instability (Chao, 1993). There-
fore, all storage ring light sources operate with electron
bunches that, unaltered, are too long for the investigation
of fast processes at time scales below a few ps.
Several approaches to shorten the electron bunch have
been tried, and one that takes advantage of a small (close
to zero) αc had been found to be the most successful
(Feikes et al., 2009, 2004). However, the synchrotron
tune also decreases with αc (νs ∼ √αc), and the less
frequent change of particle positions inside the electron
bunch leaves more time for instabilities to build up. As a
result, short bunches on the order of 1 ps can only be ob-
tained along with a dramatic reduction in the full electron
bunch current (Feikes et al., 2004; Limborg, 1998). This
seems to be acceptable for generation of coherent syn-
chrotron radiation in the THz part of the radiation spec-
trum (Wu¨stefeld, 2008) but not for spontaneous emission
of photons in the x-ray regime. Furthermore, accelerator-
based x-ray sources also require transport lattices opti-
mized to yield the smallest ǫx, but low αc storage ring
lattice needs a negative dispersion function in a large
number of their bending magnets, which is incompatible
with a lowest-emittance lattice.
Implicit in these challenges is the assumption that the
x-ray pulse have the same length as the electron bunch.
However, much shorter x-ray pulses can be obtained if
one can select the radiation emitted by electrons from a
short section of the electron bunch and separate it from
the radiation of all other electrons.
One way to achieve this is with a pair of rf deflecting
cavities (Zholents et al., 1999). Specifically, the first rf
deflecting cavity imposes a time-dependent angular kick
to the beam. Then the beam is sent through undula-
tors or bending magnets to produce a radiation pulse in
which transverse position or angle is also correlated with
the time. The radiation pulse is then further shortened,
either with an asymmetrically cut crystal that acts as a
pulse compressor, or with an angular aperture such as
a narrow slit positioned downstream. The second rf de-
flecting cavity then cancels the initial spatial chirp on
the electron beam, minimizing the perturbations to the
beam dynamics in the rest of the ring. Analysis shows
that while this method can be readily used to provide x-
ray pulses with a FWHM on the order of 1 ps (Borland,
2005), it is challenging to push the x-ray pulse down to
∼ 100 fs. Such time scales can be achieved by laser ma-
nipulation, however, in an alternate method that uses a
laser pulse to select an ultrashort slice from the electron
bunch. This is discussed in detail in the following section.
C. Laser-slicing for the generation of femtosecond x-rays in
synchrotrons
The “slicing” technique proposed in
(Zholents and Zolotorev, 1996) uses an ultra-short
laser pulse to generate femtosecond x-ray pulses. At the
time of writing, it had been implemented at the ALS
(Schoenlein et al., 2000b), BESSY (Khan et al., 2006),
and SLS (Schlott et al., 2006) facilities. Fig. 23 shows a
schematic of this technique. A laser pulse of moderate
energy (∼1 mJ) and pulse width σt ∼ 100 fs modulates
the energy of an ultrashort slice (∼ 2cσt) of a stored
electron bunch as they co-propagate in an undulator
(Fig. 23a). The energy-modulated electrons within
this slice are spatially separated from the main bunch
in a dispersive section of the storage ring (Fig. 23b)
and produce a femtosecond x-ray pulse (Fig. 23c) at a
bend-magnet or other insertion-device (Fig. 23b).
FIG. 23 A schematic of the laser slicing method for generating
femtosecond x-ray pulses (from (Schoenlein et al., 2000b)).
The three essential components are a) a modulator, b) a ra-
diator and c) an x-ray beamline.
Figure 24 shows the calculated electron distribution of
a laser-modulated bunch following propagation through a
dispersive section. X-ray optics positioned downstream
of the radiator are used to image the radiation source
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FIG. 24 Calculated electron density distribution (as a func-
tion of time and horizontal displacement normalized to the
rms electron beam size) after electron bunch propagation
through one and one-half arc sectors at the ALS from the
undulator to the bend magnet. Only a short section of the
actual electron bunch is shown. Note that the path-length
differences caused by time-of-flight properties of dispersive
section give rise to the time-skew observed in the distri-
bution, with electrons having ∆E < 0 moving toward the
bunch head and those with ∆E > 0 toward the bunch tail
(from (Schoenlein et al., 2000b)).
point onto an aperture that selects only those x-rays orig-
inating from the transversely displaced electrons (see Fig.
23c). However, a long-pulse background from the elec-
trons in the tails of the transverse distribution can also
accompany this signal. Measurements of the electron-
beam profile at the ALS and other electron storage rings
indicate that it follows a Gaussian distribution approxi-
mately out to 5σx. Beyond this point, the population of
electrons decreases with the distance from the beam core
at a much slower rate (Zholents and Decking, 2000). An-
other source of the long-pulse background is non-specular
scattering from the x-ray optics, which mixes x-rays origi-
nating from different transverse coordinates. Thus, in or-
der for the short-pulse signal to dominate over the back-
ground radiation, the slice electrons should be displaced
by at least 5σx or greater. This defines the minimal en-
ergy modulation amplitude and the required dispersion.
It is worth pointing out that, because the electron beam
has a smaller emittance in the vertical direction, the
signal-to-background ratio can be improved if the beam
is instead dispersed vertically (Steier et al., 2005).
The femtosecond x-rays from an undulator can also be
isolated by introducing angular dispersion in the electron
beam, as reported in (Khan et al., 2006). Because no
imaging optics were placed in front of the cutoff mask, an
excellent signal-to-background ratio was obtained. An-
other approach to obtain a short x-ray pulse from a laser-
modulated beam is to use a high-resolution monochro-
mator and take advantage of the fact that the highest or
lowest energy electrons produce x-ray photons in the un-
dulator that are shifted in energy. In this case, the long-
pulse background will be determined by the combined
spectral characteristics of the undulator and monochro-
mator (Schoenlein et al., 2000a).
Note that energy modulation of an ultrashort slice
leaves behind a hole in the main electron bunch (see
Fig. 24). This will manifest as a dip in the generated x-
ray signal and, in principle, can be used for time-resolved
spectroscopy in the same manner as an ultra-short pulse.
The time-of-flight properties of the dispersive section
also cause temporal smearing of the sliced portion of
the distribution due to the parameters σE , σx, and σx′ .
Together these limit the duration of the ultrashort syn-
chrotron x-ray pulse according to:
σ2x−ray = (2σt)
2 (4.5)
+
1
c2
[
(R51σx)
2
+ (R52σx′)
2
+ (R56σE/E0)2
]
where R51, R52 and R56 are elements of the transport
matrix from the modulator to the radiation source that
contribute to the time-of-flight effects. The factor of 2
in front of σt accounts for the slippage between the laser
pulse and electron bunch as they traverse the modula-
tor, assuming that σt is appropriately chosen to yield
the maximum amplitude of energy modulation.
The average flux, brightness, and spectral characteris-
tics of the femtosecond x-ray pulses are determined from
the nominal characteristics of the radiating bend magnet,
undulator or wiggler source of x-rays, as well as the laser
repetition rate. Increasing the latter provides the great-
est opportunity to maximize the femtosecond x-ray flux.
The practical limit is determined by the synchrotron ra-
diation damping, which provides recovery of the natural
electron bunch energy distribution between interactions.
By arranging the timing such that the laser interacts se-
quentially with each bunch in the storage ring, the time
interval between interactions is given by NB/fL, where
NB is the number of bunches in the ring. It turns out
that, since the laser affects only a small fraction of the
total bunch, an interaction interval corresponding to 30%
of the storage ring damping time (e.g., on the order of
a few ms) is sufficient to allow recovery between laser
interactions.
In addition to femtosecond x-rays, the time structure
of the energy-modulated electron bunch with a hole in
the central core (as seen in Fig. 24) gives rise to co-
herent emission in the THz part of the spectrum. This
strong longitudinally and spatially coherent signal was
used at ALS (Byrd et al., 2006), BESSY (Holldack et al.,
2006), and SLS (Schlott et al., 2006) for an initial op-
timization of the laser-electron beam interaction, and
for feedback control of spatial and timing drifts between
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the laser and electron beams in experiments with sub-
ps x-ray pulses. It is also used for dedicated scien-
tific experiments utilizing the broadband nature of the
THz pulse. The same set-up also allows the produc-
tion of a tunable narrow bandwidth THz pulse if one
uses an intensity modulated laser (Bielawski et al., 2008).
An elegant way of achieving this intensity modulation
with the help of chirped pulse beating was proposed in
(Weling and Auston, 1996) and subsequently adopted by
many groups to produce a density modulated electron
beam (Bielawski et al., 2008; Shen et al., 2011).
On a final note, time-dependent phenomena in physics
and chemistry are typically studied with pump-probe
techniques in which fast dynamic processes are first ini-
tiated by a femtosecond laser or by a laser-driven ultra-
fast source and then probed, after a time delay, with an
ultra-short x-ray pulse. Thus, the femtosecond laser that
initiates the x-ray pulse in the slicing technique can also
be utilized as a pump in this scheme, enabling a precise
time delay between the pump and probe pulses.
D. Coherent femtosecond radiation in synchrotrons
In the laser-slicing method, the femtosecond x-ray
pulse is generated by physically separating the modu-
lated beam from the unmodulated part. As a result, the
number of photons contained in the short pulse is re-
duced by a factor that approximately equals the ratio
of the laser pulse length to the electron bunch length.
Alternatively, one can use a laser to modulate a short
section of the electron bunch and produce electron mi-
crobunching, thereby significantly increasing the inten-
sity of the radiation of electrons in this section. The
number of photons Nph radiated in a helical undulator
at the fundamental frequency by a short section of an
electron bunch containing Ne pre-bunched electrons was
derived in Ref. (Saldin et al., 2005) for the case of a round
beam, σx = σy. In a synchrotron typically σy ≪ σx and
the result of (Saldin et al., 2005) cannot be used directly,
however, it can be easily generalized for the case σx 6= σy.
Analysis shows that in this more general case, Nph can
be written as
Nph = παb
2 K
2
1 +K2
N2eNu
Nb
F
(σx
d
,
σy
d
)
, (4.6)
where d = 2σr =
1
2
√
λrLu/π is the transverse coher-
ence length and Nb is the number of the microbunches
given by the length of the modulated section divided by
the laser wavelength (a condition Nb ≫ Nu is assumed
in (4.6)). A complicated expression for function F re-
duces to simple forms in limiting cases: for σx, σy ≪ d,
F = 1; for σx, σy ≫ d, F = d2/πσxσy ; for σy ≪ d≪ σx,
F = 0.71d/σx. An added benefit of the described ap-
proach is that the pre-bunched beam produces radiation
with greatly improved temporal coherence compared to
spontaneous radiation (relative bandwidth ∼ 1/Nb versus
1/Nu), which makes this kind of radiation particularly
suitable for spectroscopic applications.
Unlike the linac-based light sources where an electron
beam with high peak current and small energy spread
is used to drive exponential gain in a seeded single pass
FEL, the beams in synchrotrons typically have relatively
low peak currents and large energy spreads that inhibit
amplification. Therefore, most of the methods to gener-
ate ultra-short coherent radiation in synchrotrons use the
coherent harmonic generation (CHG) technique, which
is similar to the HGHG technique in FELs for obtain-
ing coherent emission except that there is no FEL gain.
In the standard CHG scheme (see Fig. 25), a seed laser
with wavelength λL is first used to generate an energy
modulation in the beam in a modulator. After passing
through a dispersive element (e.g. a chicane), the en-
ergy modulation is converted to a density modulation
(microbunching). Finally the density-modulated beam
is used to generate coherent radiation at the wavelength
λL/n in the radiator, where n is the harmonic number.
FIG. 25 Schematic layout of CHG setup to generate ultra-
short coherent radiation in synchrotrons. The electron beam
is energy modulated by a laser with wavelength λL in a mod-
ulator, microbunched by a chicane, and then used to generate
intense coherent radiation with wavelength λL/n.
The CHG technique was first demonstrated at LURE
where coherent radiation at 355 nm was obtained with
a 1.06 µm wavelength Nd:YAG laser (corresponding har-
monic number is n = 3) (Girard et al., 1984). By re-
ducing the laser wavelength to 264 nm, intense ultra-
short coherent radiation at 132 nm with peak brightness
four orders of magnitude higher than the spontaneous
radiation has been produced at Elettra (De Ninno et al.,
2008). Recently, coherent emission down to 89 nm has
also been observed at UVSOR with a 800 nm Ti:Sapphire
laser (Labat et al., 2007; Tanikawa et al., 2010). So far
this is the shortest wavelength achieved with CHG in
synchrotrons. As discussed in Sec.III.A.1, generating the
n-th harmonic of the seed laser typically requires the en-
ergy modulation amplitude ∆E to be approximately n
times larger than the beam energy spread σE . Because
the required laser pulse energy scales with (∆E)2 (see
Eqs. (2.37, 2.42)), obtaining radiation at high harmonics
can be problematic at high repetition rates. Further-
more, increasing the energy modulation beyond the en-
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ergy acceptance of the synchrotron, which is typically
on the order of (1-2)% of the beam energy, will lead to
significant beam loss. Accordingly, these constraints typ-
ically limit the harmonic number from the standard CHG
scheme in synchrotrons to below n = 10.
1. Accessing shorter wavelengths
To extend the coherent femtosecond radiation in syn-
chrotrons to shorter wavelengths, it may be possible to
adapt the EEHG technique to generate high harmon-
ics with relatively small energy modulations, thus avoid-
ing increasing the beam energy spread beyond the syn-
chrotron energy acceptance. Because incoherent syn-
chrotron radiation tends to wash out the fine structures
in EEHG for high energy electron beams, EEHG is par-
ticularly suited to low or medium energy synchrotrons.
Such a scheme has been proposed at the synchrotron
SOLEIL (Evain et al., 2012) at around 2.75 GeV. There,
the first modulator in EEHG is located in one of the
straight sections, additional dipoles are added, and the
quadrupoles are properly set to reduce the R56 and to
zero the R51 and R52 transport terms. Finally, the sec-
ond modulator, second small chicane, and radiator are
together put in the following straight section. With
this configuration, coherent femtosecond radiation may
be generated at EUV and soft x-ray wavelengths, with
peak power levels several orders of magnitude higher than
the spontaneous radiation. A similar proposal is being
pursued at the synchrotron DELTA (Molo et al., 2011)
in which the bending dipoles are exchanged to make a
long straight section (16 m) to house the two modulator-
chicane modules, similar to the implementation in a linac
FEL.
In addition to modulating the beam energy, it is also
possible to modulate the beam divergence to generate
high harmonics (Xiang and Wan, 2010). With a high
power TEM01 mode laser, the sinusoidal angular mod-
ulation discussed in Section II.E can be imprinted on
the electron beam’s vertical angles and later converted
into a density modulation using a special magnetic chi-
cane integrated with quadrupoles to provide a non-zero
R54 transfer matrix element. Analysis shows that in this
case the achievable harmonic number is approximately
∆y′/σ′y, where ∆y
′ is the angular modulation amplitude
and σ′y is the rms vertical divergence. For a storage ring
with an ultimately small horizontal emittance operating
in a low coupling mode with a geometric vertical emit-
tance on the order of one picometer, this technique may
be used to extend the harmonic number to beyond n = 50
to provide coherent femtosecond soft x-rays.
2. Accessing higher peak power
For the goal of obtaining a high peak power
while using moderate harmonic numbers, one may
adapt the chirped pulse amplification (CPA) technique
(Strickl and Mourou, 1985) which is well established in
the laser community and operate CHG in CPA mode
to make full use of the entire electron bunch. In this
mode (Feng et al., 2013; Zen et al., 2011), an ultrashort
laser with a relatively large bandwidth is first stretched to
match the length of the electron beam. The frequency-
chirped laser then interacts with the electron beam to
generate frequency-chirped bunching at the harmonic fre-
quency of the laser. The frequency-chirped high har-
monic radiation generated in the radiator is then further
compressed to provide an intense ultrashort coherent ra-
diation.
According to the simulation results shown in Fig. 26
this technique may increase the peak power in CHG by
2 ∼ 3 orders of magnitude and proof-of-principle experi-
ments are being considered (Feng et al., 2013; Zen et al.,
2011). In reality, however, the power enhancement also
depends crucially both on the efficiency of the dispersive
element (e.g. a grating) and the configuration of the com-
pressor for shortening the pulse. A recent design of pulse
compressor at 13.5 nm has shown an overall efficiency of
about 20% (Frassetto et al., 2008), which suggests that
CHG operating in CPA mode can in practice lead to a
marked improvement in photon number.
FIG. 26 Wigner distributions of the radiation pulse before
(A) and after (B) the compressor simulated for a proof-of-
principle experiment to demonstrate CPA in CHG. The seed
laser has a large frequency chirp with central wavelength at
786 nm. From (Feng et al., 2013).
28
E. Steady state microbunching
Conventional FELs driven by linacs produce coherent
radiation orders of magnitude brighter than incoherent
sources, but have low duty cycles because each electron
bunch is used only once. Fully filled storage rings, on
the other hand, deliver continuous wave (CW) repetition
rates but do not generally support high peak currents or
sustained microbunching for the production of coherent
light.
As a potential way to combine both features into a
high-brightness, high-duty cycle light source, the steady
state microbunching (SSMB) concept (Ratner and Chao,
2010) proposes to generate sustained microbunching at a
specific position in a ring in order to produce intense co-
herent radiation with MHz to CW repetition rates. Using
either one or a pair of laser modulators, the SSMB idea
works on the notion that in a storage ring, particles tend
to collect around fixed points in phase space. A particle is
at a fixed point if, after one turn it returns to its initial
coordinates. For example, each accelerating bucket in
the drive rf system has one fixed point per rf wavelength.
Electrons forward of the fixed point are accelerated but
slip backward due to dispersion, while those behind the
stable point are decelerated but slip forward. The result
is a train of electron bunches separated by the rf wave-
length, which is on the order of a few tens of centimeters.
To generate microbunches at optical and short wave-
lengths, SSMB suggests the use of a laser modulator and
the natural dispersion of the ring to stack electrons at
stable points separated by the laser wavelength. In Ref.
(Ratner and Chao, 2010), Ratner and Chao consider a
particle at the zero crossing of the laser field with a spe-
cific energy deviation ∆E from the stable fixed point en-
ergy. At this energy, the particle slips by ∆s = λL after
each turn around the ring due to dispersion, and thus re-
turns to another stable point at an identical zero crossing.
Likewise, particles with energies n∆E for n = 0, ±1, ±2
etc., also slip by n∆s each turn, such that at each zero
crossing the microbunches are stacked in energy. In prin-
ciple, this well-aligned stacking occurs only in the modu-
lator, as after a fraction of a turn 1/h, the microbunches
slip by nλL/h. If each microbunch is shorter than this
slippage, the beam is microbunched at the wavelength
λL/h at this portion of the turn. At this position, one
can insert a radiator tuned to emit resonantly at this
wavelength, which is the hth harmonic of the laser wave-
length.
Further variations include the addition of a second
laser modulator at the same wavelength to improve the
harmonic structure. This includes an EEHG-version of
SSMB, which may lead to yet higher harmonics. A
slightly different wavelength can also be used in the sec-
ond modulator to produce lower frequency beat waves in
the microbunching structure in the THz regime. While
laser-based SSMB has tight tolerances on beam synchro-
nization and time-of-flight transport elements, an alter-
nate implementation of SSMB for high repetition rate co-
herent THz production has been suggested in (Jiao et al.,
2011) where the laser modulators are replaced with rf
cavities.
V. BEAM MANIPULATION FOR X-RAY
FREE-ELECTRON LASERS
Invented by John Madey in the 1970s (Deacon et al.,
1977; Elias et al., 1976; Madey, 1971, 2010), free-electron
lasers (FELs) now provide tunable, high power radia-
tion 10 orders of magnitude brighter than storage ring
based synchrotron light sources for wide ranging applica-
tions. While FELs have already opened up experimen-
tal access to new regimes of x-ray science, their perfor-
mance can be further enhanced with laser-based elec-
tron beam manipulation techniques. Here, guided by
FEL scaling laws, we review some FEL basics and de-
scribe several of the more recent techniques designed to
improve and expand FEL capabilities. Readers inter-
ested in more detailed discussions of FEL physics are
directed to the references (Brau, 1990; Huang and Kim,
2007; Murphy and Pellegrini, 1990; Saldin et al., 2000;
Schmu¨ser et al., 2008) and the citations therein.
A. Free-electron lasers
FELs belong to a class of devices in which the elec-
trons interact with the radiation field in vacuum. Unlike
conventional lasers where photon energies are restricted
to fixed transitions between atomic energy levels, FELs
use unbound electrons and have no such limitation on
their output wavelength. This enables the FEL unique
frequency tunability in that the wavelength scales with
the electron beam energy as,
λr =
λu
2γ2
(
1 +
K2
2
)
. (5.1)
This also allows FELs to produce high power radiation
without suffering from thermal lensing, birefringence or
heat dissipation issues. Furthermore, generated in vac-
uum, the radiation is essentially diffraction limited, with
a low angular divergence and narrow bandwidth.
High-gain FELs are characterized by a fundamental
scaling parameter known as the Pierce parameter, ρ,
(Bonifacio et al., 1984) which relates the longitudinal
plasma wavenumber kp =
√
4πe2n0/γ3mc2 (where n0 is
the beam volume density) to the undulator wavenumber
ku = 2π/λu,
ρ =
(
K2J 2k2p
32k2u
)1/3
. (5.2)
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The longitudinal plasma oscillation period is typically
much longer than the undulator period, so ρ is typically
on the order of ∼ 10−3 − 10−4 for modern high-energy
FELs. The parameter ρ sets the characteristic exponen-
tial gain length of the radiation for a cold beam,
Lg =
λu
4π
√
3ρ
, (5.3)
as well as the output saturation power Psat ≃ ρEIe/e =
ρPb (Pb is electron beam power), saturation bandwidth
∆ω/ωr ∼ ρ, and saturation length, ∼ 20Lg ∼ λu/ρ
(Kim, 1986b). (See Fig. 27.) Amplification of the radi-
ation field is accompanied by the growth of the electron
beam energy spread, so saturation occurs when the in-
duced relative energy spread covers the FEL bandwidth,
ση ∼ ρ. This sets an upper limit not only on the intrinsic
slice energy spread required to achieve high-gain, but also
on the energy spread induced by laser seeding schemes in
order that the coherent field can be amplified by the FEL
process. Likewise, the geometric electron beam trans-
verse emittance is limited to be ǫx < λrβ/4πLg in order
to maintain high-gain conditions, where β is the beta-
function characterizing the strength of beam focusing in
the undulators. The parameter ρ also sets the radia-
tion spot size of the gain-guided fundamental gaussian
mode, w0 ≃ 2σxη1/4d , in weakly diffracting systems where
ηd = Lg/2kσ
2
x ≪ 1.
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FIG. 27 Characteristic power gain curve for a SASE FEL
(adapted from (Kim, 1986b)).
The regime when an FEL starts from random shot
noise in the beam is called a self-amplified spontaneous
emission (SASE). In a simple 1-D model, the initial
shot noise bunching factor is given by Eq. (2.56) and
can be written as bsn ∼
√
1/Nc where Nc = Iλr/ecρ
is the number of electrons in the length λr/ρ of the
beam (Saldin et al., 2010)). The shot noise has a broad
bandwidth corresponding to an extremely short corre-
lation length. In the FEL undulator (and in a laser
modulator), resonant energy exchange with the electro-
magnetic field is maintained as electrons slip backward
a distance λr relative to the field each undulator period
λu. After propagating together over a gain length, the
electromagnetic wave slips through the electron beam
one cooperation length lc = Lgλr/λu = λr/4π
√
3ρ
(Bonifacio et al., 1994). The temporal coherence length
lcoh in a SASE FEL, established after the beam prop-
agates a distance L in the undulator, extends over a
number of cooperation lengths and can be estimated as
lcoh ∼ (L/Lg)1/2lc (Krinsky, 2002). Accordingly, the
number of temporal spikes in the SASE emission, given
by σs/lcoh, can be large if the electron beam length σs is
much longer than the cooperation length. The position
and intensity of each spike depend strongly on initial shot
noise bunching and therefore have large fluctuations from
shot to shot (Bonifacio et al., 1994; Saldin et al., 1998).
In this case the SASE spectrum is also noisy, with a band-
width much larger than the Fourier transform limit de-
fined by the electron bunch length.
B. Challenges in free-electron lasers
Until recently, most of the modern high-gain FELs
in the short wavelength (VUV to hard x-ray regime)
have operated in SASE mode (Ackermann et al., 2007;
Emma et al., 2010; Ishikawa et al., 2012), in which ra-
diation from the electron beam shot noise is exponen-
tially amplified to the multi-gigawatt level. While char-
acterized by excellent transverse coherence, SASE FELs
have limited temporal coherence and exhibit large statis-
tical fluctuations in the output power spectrum. Thus,
one of the most pressing needs is to make x-ray FELs
fully coherent. Several such schemes are discussed in Sec-
tion V.C.
A second challenge is control over the x-ray pulse du-
ration. For most of the FELs in operation the electron
bunch length is longer than the cooperation length, and
the pulse duration of the x-rays is typically on the or-
der of tens of femtoseconds as limited by the electron
bunch length. But in order to probe processes evolv-
ing on the time scale of electron motion in atoms, or
to examine subtle details about how chemical bonds be-
tween atoms in molecules form or break, even shorter
x-ray pulses down to attoseconds (10−18 s) are required.
Very recently, a novel scheme to push the x-ray pulse
duration down to the zeptosecond (10−21 s) regime has
even been proposed (Dunning et al., 2013a). We discuss
various approaches designed to address these challenges
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in Section V.D.
A third challenge is to generate ultra-high power x-ray
pulses, primarily for studies of matter in extreme con-
ditions and for advanced imaging of biological samples
using the novel concept of “diffraction before destruc-
tion” (Neutze et al., 2000). Because simplified FEL con-
figurations typically saturate when beam energy spread
becomes comparable to ρ and beam energy goes out of
resonance with the amplified light, the FEL power can be
enhanced both by increasing the beam peak current (and
hence Pb and ρ), and by tapering the undulator tuning to
continue extracting power from the electron beam. In re-
cently proposed laser assisted schemes, for instance, such
enhancements can be achieved by creating a train of pe-
riodic current-enhanced electron mircobunches and then
applying a temporal shift between the FEL radiation and
the micro-bunch train. This way, coherent x-rays up to 5
TW of peak power may be produced (Tanaka, 2013). At
such short wavelengths, the radiation can be focused to
a tiny spot approaching the diffraction limit, thus pro-
ducing high power densities useful for studies of matter
in extreme conditions.
In addition to making brighter, shorter, and fully co-
herent x-ray pulses, there is also growing interest in
adapting the experimental techniques developed for con-
ventional lasers to the FEL by tailoring the properties
of the radiation. For instance, mode-locked x-ray FELs
(discussed in Section V.E) are envisioned to generate sin-
gle radiation pulses that span a wide frequency range
and consist of a series of equally spaced sharp spectral
lines that may enable single-shot resonant inelastic x-
ray scattering spectroscopy. Several schemes have re-
cently demonstrated sequential x-ray pulses with inde-
pendently tunable wavelengths (De Ninno et al., 2013;
Lutman et al., 2013). These and other techniques (dis-
cussed in Section V.F) may also serve as new tools for
x-ray spectroscopy, such as time-resolved three-wave mix-
ing, stimulated Raman scattering, and so on.
C. Generation of fully coherent x-ray pulses
Several schemes geared towards improving the tempo-
ral coherence of SASE FELs have been proposed, and
among those recently demonstrated, several are coming
into common use for research. One way to generate a
fully coherent x-ray pulse in high-gain single-pass SASE
FELs is to make the FEL cooperation length comparable
to the electron bunch length. For SASE FELs driven by
low charge beams on the order of 1 pC, the bunch after
compression can be made as short as ∼ 1 µm to pro-
duce a single longitudinal radiation mode (Ding et al.,
2009a; Reiche et al., 2008; Rosenzweig et al., 2008). In
more general cases where the charge is on the order of 100
pC and the bunch length is significantly longer, the slip-
page length can be boosted either with chicanes between
undulator sections, or by sequentially detuned undula-
tor sections (McNeil et al., 2013; Thompson and McNeil,
2008; Wu et al., 2012). The latter scheme has recently
been demonstrated at the LCLS at SLAC (Wu et al.,
2013). The former configuration may also enable x-ray
FELs to reach shorter wavelengths via ‘harmonic lasing’
as suggested in Ref (McNeil et al., 2006). There, peri-
odic temporal shifts of the electron beam along the FEL
undulator from small chicanes (typically called phase
shifters) are used to suppress lasing at the fundamen-
tal frequency while allowing harmonics to grow to sat-
uration. Yet another proposed method is designed to
increase the slippage with a short section of undulators
that are tuned to a sub-harmonic of the fundamental FEL
radiation wavelength (Schneidmiller and Yurkov, 2012;
Xiang et al., 2013). In this case, the FEL slippage length
is increased by the sub-harmonic number to allow ini-
tially separated regions of radiation to overlap, leading to
a significant improvement in FEL temporal coherence. In
ideal conditions, the slippage length can be made compa-
rable to the bunch length to produce fully coherent x-ray
pulses. While some such schemes have shown promising
results, in realistic conditions, however, the beam energy
spread puts limits on the largest temporal shift that can
be applied, which makes it difficult to achieve fully co-
herent x-ray pulses by such means (McNeil et al., 2013).
Fully coherent x-rays may also be produced in a
low-gain multi-pass FEL oscillator configuration (see,
e.g.,(Gandhi et al., 2013; Kim et al., 2008)) with the cav-
ity resonator is composed of either several high reflective
multilayer mirrors in the case of the soft x-rays, or of di-
amond crystals in the case of the hard x-rays. The use of
the regenerative amplifiers has also been proposed (see,
e.g., (Huang and Ruth, 2006).
Alternatively, coherent FEL pulses can be produced
if the FEL starts from a fully coherent seed that has
sufficient power to dominate over the electron beam
shot noise, thereby overcoming the SASE startup pro-
cess. In the self-seeding scheme (Feldhaus et al., 1997;
Geloni et al., 2011), such a seed is obtained from the
monochromatized output of an upstream high-gain FEL
stage that operates in SASE mode. The monochromatic
radiation is then driven to saturation in the second stage
FEL that operates as an amplifier. In principle, the self-
seeding technique works at all wavelengths accessible to
SASE FELs, and has recently been demonstrated at hard
x-ray wavelengths (Amann et al., 2012). At the time of
this writing, efforts are underway to minimize fluctua-
tions in the final output and to implement this scheme
at soft x-rays.
Seeding FELs with external lasers allows the gen-
eration of fully coherent radiation that is also well
timed with respect to the seed laser for pump-probe
experiments. One way to directly seed an FEL in
the UV portion of the spectrum (400 nm to 20 nm)
is to use a high harmonic generation (HHG) source
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produced from a high power laser injected into a no-
ble gas (see, e.g., (Popmintchev et al., 2010)). In this
scheme, the FEL operates as a high-gain amplifier of
the low-power HHG source, amplifying it by several
orders of magnitude. Direct FEL seeding at 160 nm
(Lambert et al., 2008), 61 nm (Togashi et al., 2011) and
38 nm (Ackermann et al., 2013) from HHG sources has
been demonstrated in recent years. Limited by the
∼ 10−6 conversion efficiency, however, present HHG
sources typically have a cutoff wavelength around ∼20
nm due to their relatively low pulse energy. While
there has been progress from the laser community in
extending HHG wavelengths to a few nm, FEL seed-
ing with an HHG source at x-ray wavelengths has yet
to be achieved because the HHG power needs to be at
least one order of magnitude larger than the electron
beam shot noise power in order to preserve the tem-
poral coherence. This constraint is exacerbated by the
fact that the shot noise power grows as the FEL wave-
length is decreased. An interesting and developing tech-
nique that holds promise to lower requirements on the
seed laser power is referred to as shot noise suppres-
sion. In such schemes, the intrinsic shot noise in the
electron beam is reduced by tuning the effective longi-
tudinal particle dynamics in the relativistic beam prior
to injection into the FEL undulator (Gover and Dyunin,
2009; Ratner et al., 2011b). Recently the noise sup-
pression was experimentally demonstrated at the optical
wavelengths (Gover et al., 2012; Ratner and Stupakov,
2012), with some studies showing its prospects and chal-
lenges at shorter wavelengths (Kim and Lindberg, 2011;
Stupakov et al., 2013).
To circumvent the need for a high power electromag-
netic seed at short wavelengths, many frequency up-
conversion techniques that rely on using lasers to manip-
ulate the beam’s longitudinal phase space (e.g. HGHG,
EEHG and their variants) have been proposed to seed x-
ray FELs. These methods are designed to provide bunch-
ing at the FEL wavelength so that the coherent emission
from the electron beam seeds the FEL amplification pro-
cess. The theoretical aspects of these techniques are pre-
sented in the preceding Section III.A. In these schemes,
coherent bunching significantly above the shot noise level
leads to emission of coherent radiation in the beginning
of the FEL, which is then amplified to saturation. The
first experiment to demonstrate the HGHG technique
was performed at BNL (Yu et al., 2000). There, a CO2
laser with a wavelength of 10.6 µm was used to modulate
the electron beam, and the induced 2nd harmonic bunch-
ing at 5.3 µm produced radiation with excellent tempo-
ral coherence that was amplified to saturation. Later,
the 3rd and 4th harmonics of a Ti:Sapphire laser (800
nm) were amplified by FELs in 2003 (Yu et al., 2003)
and 2006 (Wang et al., 2006). Recently, HGHG with
a seed at 266 nm from an HHG source has also been
demonstrated (Labat et al., 2011). So far, the highest
harmonic achieved with the HGHG technique in a sin-
gle stage is the 13th harmonic at 20 nm using a 1.2
GeV beam at FERMI FEL in 2011 (Allaria et al., 2012),
which was limited by the requirement that the induced
energy spread be less than ρ to achieve high-gain. These
experiments confirmed the advantages of seeding FELs
with external lasers; namely, a stable central wavelength
and excellent temporal coherence of the output radiation.
For instance, as shown in Fig. 28, the normalized central
wavelength stability of 8th harmonic radiation seeded by
a 260 nm UV laser is about 7 × 10−5, a significant im-
provement over SASE FEL results obtained in the same
wavelength range. Higher harmonics can be obtained by
cascading multiple HGHG stages. Very recently, 4.3 nm
radiation (60th harmonic of a 260 nm seed laser) has
been achieved with a two-stage HGHG configuration at
FERMI (Allaria et al., 2013).
FIG. 28 Measured FEL intensity and spectrum for 500 con-
secutive shots at 32.5 nm seeded with a 260 nm laser. From
(Allaria et al., 2012).
Another harmonic bunching technique, EEHG (see
Section III.A.3), holding the promise of generating fully
coherent radiation in the soft x-ray wavelength in a
single stage, is still in early experimental development.
The first proof-of-principle experimental demonstration
of the EEHG technique was achieved in 2010 at SLAC’s
NLCTA (Xiang et al., 2010). In this experiment, the 3rd
and 4th harmonics of the second laser were generated.
The experiment confirmed the basic physics behind the
EEHG technique and indicated that the highly nonlinear
phase space correlations were preserved and controlled
with current technologies. Later, the 7th harmonic was
also successfully produced by the same group, using in-
duced energy modulations approximately twice that of
the beam energy spread (Xiang et al., 2012a). This ex-
periment provided the first evidence that high harmonic
radiation with harmonic number much higher than the
ratio of energy modulation to energy spread could indeed
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be produced through EEHG. In 2011, a group at the
Shanghai Institute of Applied Physics (SINAP) also ob-
served the 3rd harmonic from EEHG, which was further
amplified to saturation (Zhao et al., 2012). Currently,
experimental efforts are on-going at several laboratories
to extend EEHG to much higher harmonics and much
shorter wavelengths. Very recently, coherent radiation at
160 nm (15th harmonic of a 2400 nm seed laser) has been
produced with EEHG at SLAC (Hemsing et al., 2014).
It is important to emphasize here that harmonic multi-
plication in the seeding increases the electron shot noise
in the beam (Saldin et al., 2002b; Stupakov et al., 2010).
In addition, it also amplifies the phase errors in the seed-
ing laser beam. As follows from analysis of (Ratner et al.,
2012) seeding with nearly transform-limited pulses in the
soft x-ray regime will require development of new meth-
ods for phase measurement and control of short wave-
length lasers or HHG sources.
D. Generation of attosecond x-ray pulses
There are many ways to manipulate the electron
beam properties to control the x-ray pulse length in
FELs. As mentioned, a conceptually simple method is
to lower the beam charge to reduce the electron bunch
length, and thus radiation pulse length, by two orders
of magnitude (Ding et al., 2009a; Reiche et al., 2008;
Rosenzweig et al., 2008; Wang and Chang, 2003). Alter-
nately, one may use a “slotted foil” in the center of a
dispersive chicane to selectively spoil the transverse emit-
tance in specific portions of the electron beam such that
an ultrashort x-ray pulse is produced only from the short
slice of unspoiled beam that passes cleanly through the
slot (Emma et al., 2004). In a different technique, a few-
cycle laser pulse can be used to manipulate the beam
phase space to select only a short slice for lasing. This
technique has another advantage in that the x-ray pulse
is naturally synchronized with the laser, and therefore is
well-suited for pump-probe experiments. The authors
in (Martin and Bartolini, 2011) compare the pros and
cons of these various proposals for producing attosecond
x-rays.
One possible implementation of laser based approaches
for the generation of attosecond x-ray pulses is shown
in Fig. 29 (see also, (Zholents et al., 2004; Zholents,
2005b)). Here the electron bunch exits the upstream
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FIG. 29 Schematic of a current enhanced SASE x-ray
FEL (Zholents, 2005b).
linac and enters a wiggler magnet. At the same time,
a short laser pulse enters the wiggler and co-propagates
with the electrons. The laser pulse overlaps only a short
section of the bunch which we call the working section
(WS). Electrons in the WS interact with the laser field
and emerge from the wiggler with an energy modulation.
The laser pulse energy is chosen such that the amplitude
of the energy modulation exceeds the uncorrelated en-
ergy spread of the electrons by a factor of 5 to 10. Next,
the electron beam enters a second linac and is acceler-
ated to the final energy. Modulating lower energy elec-
tron beams is preferred because the required undulator
period and K value for resonance at optical to infrared
wavelengths quickly grow with the beam energy. This
second acceleration does not affect the energy modula-
tion introduced in the wiggler and does not produce no-
ticeable relative longitudinal motion of electrons because
of the ultra-relativistic electron energies. Following ac-
celeration, the electron beam passes through a dispersive
magnetic chicane that produces bunching in the WS at
the laser wavelength and thus a periodic enhancement
of the electron peak current. Finally, the electron beam
passes through a long undulator where radiation emit-
ted by these electrons inside the WS is amplified with a
shorter gain length because of the localized current en-
hancement, and therefore produces the dominant x-ray
radiation that consists of short pulses equally separated
at the laser wavelength. The x-ray radiation produced
by electrons outside of the WS has significantly less in-
tensity because of the longer FEL gain length due to
their significantly lower peak current. Thus, there is pre-
cise synchronization between the output x-ray pulse and
the laser pulse since only electrons from the WS produce
intense x-rays. Moreover, by changing the duration of
the laser pulse and adjusting the number of active wig-
gler periods, one can regulate the length of the WS and
therefore the duration of the x-ray output.
Besides generating powerful x-rays in the FEL, elec-
trons from the WS can also produce strong coherent
synchrotron radiation at the modulating laser frequency
(which is automatically temporally synchronized with the
x-ray pulse) in a one-period wiggler that can be placed at
the end of the FEL. This signal can be cross-correlated
with the laser pulse to provide an accurate measure of
the timing jitter between the laser pump pulse and the
x-ray probe pulse. Note also that either edge radiation
from a bending magnet or transition radiation from a
thin metallic foil can be used if a wiggler is not available.
The duration of the seed laser pulse directly affects the
duration of the x-ray output. Thus, short x-ray pulses
can be obtained using seed laser pulses with only a few
optical cycles, as briefly discussed in Section II.B. Such a
laser pulse, which interacts with the electrons in a wiggler
magnet consisting of just one or two periods, produces an
energy modulation with a temporal profile that closely
resembles the waveform of the laser electric field. For ex-
ample, manipulating the carrier-envelope phase (CEP),
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one can obtain a cosine-like waveform of the energy mod-
ulation when the peak of the energy modulation is at the
maximum of the envelope, or a sine-like waveform when a
zero crossing of the energy modulation is at the maximum
of the envelope (see Fig. 30). When the cosine-like form is
FIG. 30 The phase space of the beam showing energy modula-
tion of electrons produced in the interaction with a few-cycle,
800-nm-wavelength laser pulse with CEP stabilization inter-
acting with the electron bunch in the wiggler magnet with
two periods. (a) A cosine-like form, and (b) a sine-like form.
used, the electron peak current obtained after the bunch-
ing at the laser wavelength has only three spikes, with
the central spike producing the dominant x-ray radiation
in the FEL with sub-femtosecond duration, as shown in
Fig. 31 (see, also (Zholents, 2005b)). The dominance of
the central peak over the side peaks can be further im-
proved using two modulating lasers with slightly differ-
ent frequencies (Ding et al., 2009b; Zholents and Penn,
2005). However, the contrast of the central x-ray spike
FIG. 31 An example of the x-ray power profile produced in
the FEL when using a few-cycle modulating laser. Only a
small fragment of the entire x-ray pulse cut at ± 6 fs is shown.
The typical FWHM pulse duration of the central spike is 250
attoseconds.
over the background radiation also depends on the to-
tal x-ray energy extracted from all of the unmodulated
electrons, which increases with the electron bunch length
and becomes comparable to the total x-ray energy in the
central spike when the electron bunch length approaches
100 fs (Zholents and Penn, 2005).
Another technique, which combines undulator ta-
pering with an electron beam chirp for enhancing
the FEL output, can be used for obtaining sub-
femtosecond x-ray pulses (Saldin et al., 2006a). Recently
demonstrated at the SPARC facility at optical wave-
lengths (Giannessi et al., 2011), this scheme exploits the
correlation between the electron energy and longitudinal
position in the center of the sine-like energy modulation
profile, as shown in Fig. 30b. Under normal conditions
the energy chirp dγ/ds in the electron bunch causes FEL
gain degradation, but this reduction can be compensated
and even reversed by means of undulator tapering. Ta-
pering introduces a variation along the undulator of the
parameter K, which changes the resonant beam energy γ
for the fixed FEL wavelength λr. Recall that the resonant
FEL energy is given by γ2 = (λu/2λr)
(
1 +K2/2
)
. In the
modulated beam, the energy γ and longitudinal position
s are correlated. Therefore, in the region with just the
right sign and slope of the chirp, electrons stay resonant
with the changing value of K as the emitted light slips
forward, and the FEL interaction is sustained. For large
dγ/ds this requirement can be formulated with an ap-
proximate condition: (dγ/ds)(β¯z − 1) ≈ (dγ/dK)dK/dz,
where β¯z is the scaled electron longitudinal velocity av-
eraged over the undulator period. Equivalently, one ob-
tains (Fawley, 2008; Saldin et al., 2006a):
d lnK
dz
=
λr
λu
1 +K2/2
K2/2
d ln γ
ds
. (5.4)
With the above-defined undulator taper, only a short
slice of the electron bunch around the zero-crossing of
the energy modulation in Fig. 30b will produce a power-
ful FEL pulse. The gain in the rest of the electron bunch
(including both the unmodulated portions and the mod-
ulated regions with the wrong chirp) will be strongly re-
duced or even suppressed, as these electrons fall out of
resonance. When optimized, as shown in Fig. 32, the
calculated x-ray radiation has only one spike about 200
attoseconds (FWHM) in duration. It is worth mention-
ing that this scheme does not require a chicane to con-
vert the energy modulation into a density modulation,
therefore it also avoids the potentially strong longitu-
dinal space charge forces that can exist in the ESASE
scheme (Geloni et al., 2007).
In contrast to modulating the beam energy, the pro-
posal in (Zholents and Zolotorev, 2008) actually uses the
modulation of the electron transverse momentum (an-
gles) by employing a few-cycle CEP stabilized TEM10
mode laser pulse (see Section II.B). When interacting
with the electrons in a one period undulator, this laser
pulse deflects electrons (see Eq. (2.49)) located only in
the ultra-short WS and directs them through the FEL on
axis, while by design, all other electrons propagate with
a large orbit distortion. As a result, the dominant FEL
radiation comes only from the deflected on-axis electrons,
while most of the other electrons produce only sponta-
neous emission. This technique can produce x-ray pulses
approximately 100 attoseconds (FWHM) in length, with
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FIG. 32 Energy modulation of the electron beam at the exit
of the modulator undulator (dashed line), and a profile of the
radiation pulse at the exit of the FEL (solid line) as shown in
Ref. (Saldin et al., 2006a).
an excellent contrast over the background.
It should be pointed out that the preceding laser-
based attosecond x-ray pulse generation schemes are all
designed for SASE FELs. Therefore a long undulator
is typically required to allow significant amplification.
Because of the lengthened slippage associated with the
long undulator, however, this limits the shortest pulse
duration to the cooperation length, i.e., ∼100 as for
hard x-rays with A˚ wavelengths, or ∼1 fs for soft x-rays
with nm wavelengths. Alternatively, an intense attosec-
ond x-ray pulse can be produced from a pre-bunched
beam in a short undulator which may allow the x-ray
pulse length to be pushed below the cooperation length.
In (Zholents and Fawley, 2004) a short slice of a pre-
bunched beam is proposed to produce a soft x-ray pulse
down to 80 attoseconds (FWHM). There, a few-cycle
laser pulse is used to create a WS only a fraction of the
laser wavelength in duration that facilitates microbunch-
ing at x-rays. Then, electrons in the WS produce co-
herent undulator radiation that is frequency shifted and
dominates over the spontaneous emission from the rest
of the bunch. Another proposal (Xiang et al., 2009) aims
to shorten a coherent undulator radiation pulse at 1
nm wavelength to 20 attoseconds (FWHM) by employ-
ing a combination of EEHG and a few-cycle laser pulse
to generate microbunching at x-ray wavelengths only
in an extremely short WS. In (Qiang and Wu, 2011b),
the authors studied a scheme that combined HGHG
from a few-cycle laser pulse with bunch compression
to produce attosecond x-ray pulses through modulation
compression (Biedron et al., 2001; Qiang and Wu, 2011a;
Ratner et al., 2011a; Shintake, 2007). This scheme is also
capable of generating ultrashort x-ray pulses with dura-
tion well below 100 as.
All of these techniques are designed to produce a single
ultrashort x-ray pulse. The generation of a comb-like
sequence of attosecond x-ray pulses with good temporal
coherence is also possible, and is discussed in the next
section.
E. Generation of mode-locked x-ray pulse trains
Here, we discuss another important idea in adapting
modern optical techniques to x-rays; namely, the genera-
tion of mode-locked x-ray pulses that may enable a new
degree of control for x-ray laser applications.
The concept of mode locking in laser oscillators,
where a fixed-phase relationship is established be-
tween all of the lasing longitudinal modes to generate
short optical pulses, has been known for a long time
(see, e.g., (Diels and Rudolph, 1996; Siegman, 1986)).
More recently, it was found to be particularly impor-
tant in helping to establish a fixed phase relation-
ship across a broad spectrum of frequencies for opti-
cal frequency metrology using frequency combs (see,
e.g., (Stenger et al., 2002)) and for the generation of
ultra-short EUV pulses (see, e.g., (Krausz and Ivanov,
2009)). The mode locking concept is illustrated in
Fig. 33. In mode-locked laser oscillators, the envelop
bandwidth is determined by the gain medium, while the
mode spacing is fixed by the cavity round trip time, which
sets the temporal periodicity in the pulse train.
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FIG. 33 An example of mode-locking, where the time domain
is shown in panel (a) and the frequency domain in panel (b).
The single pulse and its spectrum are shown in red. Adding
another pulse shown in green in panel (a) leads to the spec-
trum in panel (b) with additional substructure. The spectrum
for the four pulses is shown in blue. (Figure courtesy of R.
Lindberg).
Mode locking of x-ray pulses in FELs was first in-
troduced in Ref. (Thompson and McNeil, 2008), wherein
the basic physics of mode locking was shown to be achiev-
able through the generation and coupling of a pulse train
of FEL radiation. X-ray pulse trains can be produced
by modulating the FEL gain. For example, one can im-
pose either a periodic variation in the electron beam en-
ergy as described in (Thompson and McNeil, 2008), or
a periodic variation in the electron beam density (peak
current) as in (Kur et al., 2011). Both results can be ob-
tained by modulating the energy of the electron beam
in the undulator using a high-power optical laser. Es-
tablishing the necessary fixed phase relationship between
radiation modes is accomplished by a series of small mag-
netic chicanes uniformly spaced along the FEL undulator
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(see Fig. 34). They are used to add precise delays be-
tween the electron beam and the radiation field, thereby
extending the cooperation length of the FEL radiation.
The mode spacing can be varied by changing the modu-
lating laser wavelength, which requires that the strength
of the chicane be changed accordingly in order that the
total slippage length in each undulator-chicane module
is equal to the laser wavelength. In the case described in
(Kur et al., 2011), a magnetic chicane is added between
the modulator and the first FEL undulator module, and
is used to convert the periodic variation of the electron
beam energy to a periodic variation of the electron beam
current.
FIG. 34 A schematic of an FEL design with mode-locking
capabilities as shown in Ref. (Thompson and McNeil, 2008).
Chicane magnets are placed between each undulator module
to generate the desired slippage between the radiation and
the electron beam and to create the radiation modes. The
schematic includes a short beam-energy modulation undula-
tor at the beginning of the FEL.
An simulated x-ray signal from a mode-locked SASE
FEL is shown in Fig. 35, and the output spectrum is
shown in the inset. One can see that the output signal of
a mode-locked FEL in the time domain consists of many
ultrashort pulses equally separated by the laser wave-
length. In the frequency domain, the spectrum has many
sharp lines over a wide bandwidth, a feature that is not
easily attainable with other FELs and could be beneficial
for examining the structure and dynamics of a large num-
ber of atomic states simultaneously. In an FEL seeded by
an HHG source that consists of attosecond pulse trains,
this feature may also allow one to maintain the temporal
structure of the seed (McNeil et al., 2011).
In this example, the x-ray signal grows from shot
noise, as in the SASE FEL. This results in power fluc-
tuations across the output signal, as well as irregu-
lar variations within each spectral spike. Introducing
a temporally coherent seed to dominate over the shot
noise can lead to better stability and a cleaner spec-
trum. This has been studied in (Feng et al., 2012;
Henderson and McNeil, 2012) where the EEHG tech-
nique is used for generating microbunching in the elec-
tron beam, and a radiator in mode-locking configuration
is used to produce a train of short pulses with excellent
temporal coherence.
A different approach for creating a mode-locked x-
ray pulse train is described in (Xiang et al., 2012b).
This proposal makes full use of the self-seeding tech-
nique (Feldhaus et al., 1997) to impose temporal coher-
ence over the entire electron bunch, thus eliminating the
FIG. 35 The output power of the mode-locked SASE FEL
averaged over five simulation results to eliminate a relatively
large shot-to-shot fluctuations. Each individual pulse in the
pulse train has a sub-femtosecond duration. The insert shows
the output spectrum averaged over five simulation results.
The central photon energy is 200 eV and mode separation is
1.66 eV defined by the modulating laser (Kur et al., 2011).
need for multiple chicanes. A possible implementation is
shown in Fig. 36. Here, a short undulator (U0) is used to
FIG. 36 Schematic for generation of a mode-locked soft x ray
pulse train in a self-seeded FEL (Xiang et al., 2012b).
create a sinusoidal modulation of the electron beam en-
ergy and the chicane between undulators U1 and U2 con-
verts it to a comb of electron microbunches. A grating-
based monochromator is used at the exit of U1 to select
narrowband radiation (with central angular frequency at
ω0) from the broadband SASE radiation after U1. The
chicane introduces additional path length for the electron
beam to compensate for the delay of the x-rays in the
monochromator (on the order of one picosecond). As a
result, the monochromatic signal overlaps with the comb
of electron microbunches and seeds FEL amplification in
U2. Subsequent amplification in U2 produces a comb of
mode-locked x-ray pulses.
The physics of this scheme is analogous to amplitude
modulation in telecommunications. Here, by modulating
the lasing medium (the relativistic electron beam), the
amplitude of the coherent seed with carrier frequency at
ω0 is also modulated at the laser frequency ωL. This
leads to the development of sidebands at the frequencies
ω0 ± ωL. As the amplification continues, the amplitudes
of the modes at these sideband frequencies will also be
modulated by the electron beam, which further leads to
development of new modes at ω0 ± 2ωL. This process
repeats, with the single-frequency coherent seed being
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finally translated to a mode-locked output at the exit of
U2 with sharp lines at the frequencies ω0 ± nωL.
Another modification of the mode-locked technique
from Ref. (Thompson and McNeil, 2008) was proposed
in (Thompson and McNeil, 2013) and aims at the pro-
duction of mode-locked trains of few-cycle x-ray pulses.
The technique involves preparing an electron beam with
a large energy modulation in U0, which creates lower
energy regions of the modulated beam that dominate
the FEL interaction in the amplifier. This leads to pe-
riodic regions with microbunching at x-ray wavelengths
at the end of U1. Once the comb structure of the mi-
crobunched x-ray regions is sufficiently well developed,
and before saturation of the FEL process in U1, the
electron beam proceeds into U2 without additional de-
lay. (Also, no monochromator is used). In the case
of (Thompson and McNeil, 2013), U2 is comprised of
a series of few-period undulators separated by chicanes
that delay the electron bunch, similar to that used
in (Thompson and McNeil, 2008). These undulator-
chicane modules assist in maintaining overlap between
regions where microbunching has developed and the train
of few-cycle x-ray pulses produced as a result of the FEL
amplification process. Simulations show that the train of
hard x-ray pulses emitted from U2 reaches peak power
levels approaching gigawatts, and that the rms pulse du-
ration of each individual pulse is reduced to approxi-
mately 700 zeptoseconds (10−21s). This is more than
two orders of magnitude shorter than what is possible
in a hard x-ray SASE FEL. Further, the envelope band-
width of this mode-locked train of x-ray pulses is ap-
proximately two orders of magnitude wider than the one
obtained from the standard SASE FEL.
F. Generation of multicolor x-ray pulses
Similar to the spectroscopic techniques based on
sample illumination from sequences of tailored opti-
cal laser pulses that provide multidimensional views
of molecular and electronic processes (see, for exam-
ple (Mukamel, 1995)), sequential (or simultaneous) x-
ray pulses with varying (or the same) wavelengths are
foreseen to provide new tools for performing time-
resolved x-ray spectroscopy (see, for example (Patterson,
2010)) such as time-resolved x-ray four-wave mixing
(Bencivenga et al., 2013) and stimulated Raman scatter-
ing (Schweigert and Mukamel, 2007; Zholents and Penn,
2010).
Two of the basic scenarios relevant to two-color x-
ray applications are: The generation of a pair of se-
quential x-ray pulses with independent control of tim-
ing and spectrum, and the generation of one x-ray pulse
with two discrete wavelengths. For instance, at SLAC’s
LCLS, two sequential x-ray pulses with slightly different
wavelengths are produced by setting the first 16 undu-
lators and the last 16 undulators to different strengths
(Lutman et al., 2013). In this scheme, while the relative
timing of the x-ray pulses can be varied with a chicane
between the two undulator sections, the two pulses have
comparable pulse lengths because they are generated by
the same particles. In another method, the undulator
strengths can also be set in an alternating fashion (e.g.,
with all the odd-numbered undulators set at K1 and all
the even-numbered undulators at K2) to produce an x-
ray pulse with two discrete spectral lines (Marinelli et al.,
2013). On the other hand, in a seeded or self-seeded
arrangement, one can also introduce two seed signals
at closely spaced wavelengths (Freund and O’Shea, 2000;
Geloni et al., 2010) and amplify them simultaneously to
generate two colors. However, in this scheme the tun-
ability of the photon energy difference is limited to the
FEL gain bandwidth. Other schemes that exploit multi-
peaked electron beam energy spectra (e.g., two simulta-
neous beams with different energy) can also produce mul-
tifrequency and multi-pulse FEL output. Such a tech-
nique has been demonstrated in the IR (Petrillo et al.,
2013), and is currently under investigation in the x-ray
regime at SLAC.
Yet there are many applications that require even more
complicated arrangements of multiple x-ray pulses with
carefully shaped time, frequency and polarization charac-
teristics that may greatly benefit from laser-based beam
manipulation techniques. For instance, in a proposed
high-repetition rate seeded FEL, the baseline design of
the two-color x-ray beam line (Emma et al., 2012) uses
two synchronized few-cycle mid-IR lasers to generate a
strong energy chirp in a localized region of the beam. A
tapered undulator is then used to compensate for the en-
ergy chirp to generate two ultrashort x-ray pulses with
variable delay in a wide range from zero to ∼100 fs, vari-
able angle between x-ray wave vectors, and independent
photon energy tunability from 200 eV to 1 keV suitable
for stimulated Raman scattering and three wave mixing
applications.
Another example is the FERMI FEL where a chirped,
high intensity seed laser is used to generate two narrow-
band pulses separated both in time and frequency
(De Ninno et al., 2013). This idea is based on the fact
that the bunching factor in FELs seeded by external
lasers depends on the energy modulation amplitude. For
a laser pulse with a finite length, this amplitude depends
on time, and one can therefore use dispersion to manipu-
late the distribution of the time-dependent bunching (see,
e.g. the measurement in (Xiang et al., 2011)) to gener-
ate radiation pulses with the desired time and frequency
shapes. To see how, we refer to Eq. (3.5) and consider
bunching at the 8th harmonic of the modulating laser
as an example. We rewrite this equation to indicate the
time dependence of the energy modulation in the bunch
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due to the time-varying laser pulse amplitude A(t),
bn(t) = e
− 1
2
B2n2Jn(−A(t)Bn). (5.5)
Given a fixed normalized momentum compaction (here
B = 0.2), the time-dependent bunching factor b8(t) for
various peak modulation amplitudes Amax = max[A(t)]
are shown in Fig. 37. With the peak energy modula-
tion matching the optimal value (Amax = 6, red line in
Fig. 37)), the bunching distribution has a similar shape
as the laser profile and one generates a single pulse with a
single frequency. As the peak energy modulation ampli-
tude is increased to beyond the optimal value, the bunch-
ing factor starts to oscillate, as dictated by the Bessel
function dependence in Eq. (3.5). With Amax = 7.6
(blue line in Fig. 37)) the bunching has a dip in the cen-
ter of the laser where the beam is overbunched by the
large energy modulation, while the energy modulation at
the head and tail of the laser are optimal (with the local
modulation amplitude equal to 6) to generate two peaks
in the bunching distribution. Sending this beam through
an undulator would yield two sequential pulses with a
time separation equal to that of the two peaks (assuming
the slippage is small compared to the separation). If the
seed laser has a negligible chirp, the spectrum of the ra-
diation shows the interference pattern of the two pulses
(Liu et al., 2013). On the contrary, if the laser has a
strong frequency chirp, the output is two radiation pulses
with different frequencies. Further increasing the energy
modulation to Amax = 9 (magenta line in Fig. 37)) in-
creases the separation between the two peaks, and more
bunching peaks appear in the central part of the beam.
However, since the bunching in the central part is smaller
and the beam energy spread is larger, simulations indi-
cate that the reduced FEL growth rate in this region can
still result in a simple two pulse structure, assuming a
constant beam current.
Experimental results of two-color EUV pulses pro-
duced by this method at the FERMI FEL are shown in
Fig. 38. By controlling the laser energy modulation am-
plitude, chicane momentum compaction, and the laser
chirp parameter, one can switch from one-pulse to two-
pulse operation mode and also adjust the temporal sep-
aration and frequency difference. However, it should be
pointed out that the tuning range of the frequency differ-
ence is still limited to the FEL gain bandwidth ≃ ρ. For
a large frequency chirp, this can be overcome by impos-
ing an associated energy chirp in the beam longitudinal
phase space to match the resonant condition of the FEL
wavelength (Feng et al., 2013).
G. Laser beam as an undulator
In the push for compact x-ray sources, an attractive al-
ternative to permanent magnet undulators (which have
periods on the order of centimeters) are electromagnetic
FIG. 37 Time-dependent energy modulation A(t) (a) and
bunching distributions b8(t) (b). The horizontal axis is the
longitudinal position normalized to the rms duration of the
laser pulse σL. Red (solid), blue (dashed-dot), and magenta
dashed) are for Amax = 6, Amax = 7.6, and Amax = 9, respec-
tively.
FIG. 38 Spectral and temporal FEL intensities for differ-
ent seed laser powers. Left: experimental spectral split-
ting; right: simulated spectral and temporal splitting. From
(De Ninno et al., 2013).
undulators, which use much shorter periods and thereby
allow the electron beam energy to be significantly re-
duced in order to radiate at short wavelengths. Powerful
lasers have been proposed for this purpose, and simple
analysis shows that in the head-on collision of a laser
pulse and a relativistic electron beam, the electrons radi-
ate electromagnetic fields on-axis at a wavelength λr (cf.
with (2.29)),
λr = λL
1 +K2/2
4γ2
, (5.6)
where the undulator parameter K is now computed us-
ing (2.28) with B0 the amplitude of the laser magnetic
field. By comparison with Eq. (2.29), the laser acts as an
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undulator with period λu = λL/2. Of course, this “undu-
lator radiation” is described equivalently by the inverse
Compton scattering process, which is widely used as a
source of incoherent x-rays and gamma radiation for var-
ious applications (see e.g. (Krafft and Priebe, 2010) and
references therein).
Laser undulators for FELs have been analyzed in sev-
eral papers (Bonifacio et al., 2007; Gallardo et al., 1988;
Gordon et al., 2001; Sprangle et al., 2009). In certain
cases, a quantum description of the FEL is required
(QFEL) because the photon momenta ~k of the very
short wavelengths can be comparable to the classical
spread in the electron momentum γmcρ (see, e.g., Ref.
(Bonifacio et al., 2011) and references therein). For a soft
x-ray of λr ∼ 1 nm wavelength and a laser undulator from
a CO2 laser with the wavelength of λL = 10.6 µm, the
required beam energy which follows from (5.6) is only 26
MeV. While by itself such a small energy is advantageous,
in practice it is difficult to generate a low-energy electron
beam with the small geometric emittance, small energy
spread, and high current needed for FEL gain at short
wavelengths (a more detailed analysis of scalings involved
with such FELs can be found in Ref. (Zolotorev, 2002)).
This is the main reason why high gain FELs with laser
undulators have not yet been demonstrated.
Recently, in a renewed effort to overcome the chal-
lenges associated with laser undulators, the concept de-
scribed in (Chang et al., 2013) proposed to use two
“tilted optical wave” pulses from a CO2 laser propa-
gating at right angles to a relativistic electron bunch.
Such an arrangement allows for an extended interaction
length between the electron beam and the laser field, and
solves some of the issues of the “head-on” laser-beam
scheme. A different, although similar, approach was pro-
posed in (Lawler et al., 2013). There, the authors sug-
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FIG. 39 Geometry of the laser interaction with the relativistic
beam.
gested that the laser be sent at a small angle θ to the
direction of the beam propagation, such that the on-axis
radiation wavelength becomes λr ≈ λL(1 + θ2γ2)−1 (as-
suming θ ≪ 1 and K ≪ 1). For a given λr and λL
this allows the beam energy to be increased such that
the beam quality is sufficient to drive FEL gain. To ex-
tend the length of the interaction between the laser and
the electron beam the authors proposed to use a sheared
laser pulse in which the wavefronts are tilted relative to
the direction of propagation. As a representative set of
parameters, they consider an electron beam of modest
energy 170 MeV, normalized emittance of 6 × 10−8 m
at 20 pC charge, to generate 2.5 nm radiation in a laser
based undulator FEL with λL = 750 nm. While these
are still challenging parameters, they may not be out of
reach for the next generation of electron sources and laser
systems.
VI. BEAM CONDITIONING AND DIAGNOSTICS WITH
LASERS
In addition to tailoring the properties of radiation,
lasers can be used to prepare optimal beams for driving
accelerator-based light sources and for retrieving infor-
mation on the electron beams themselves.
A. Laser heater
In modern FELs the electron beam generated in
the electron gun has a small energy spread, typi-
cally 1∼2 kiloelectron-volts. It was shown by sev-
eral groups (Borland et al., 2002; Heifets et al., 2002;
Huang and Kim, 2002; Saldin et al., 2002a) through the-
oretical analysis and computer simulations that transport
of such a beam through a long linac (several hundred
of meters in length) equipped with bunch compressors
can lead to a so-called microbunching instability. Den-
sity variations in the beam drive energy modulations that
both increase the energy spread and are converted into
larger density modulations after dispersion. This process
deteriorates the beam quality and reduces its efficacy as
a lasing medium.
An effective method to suppress the instability was
proposed in Ref. (Saldin et al., 2004) and was later given
the name of a “laser heater”. The idea is to “heat-up”
the beam by increasing its uncorrelated energy spread
using a laser-beam interaction in an undulator. The
required slice energy spread of the beam is set to the
level which, on the one hand, suppresses development
of the microbunching instability through the mechanism
of Landau damping, but, on the other hand, is small
enough to not impede lasing in the FEL. The laser
heater works by introducing a correlated microstructure
in the phase space of the beam on the scale of the laser
wavelength that is effectively washed out through trans-
port, resulting an increase in the uncorrelated energy
spread. The laser heated beam is now considered as
a necessary element in practically all designs of mod-
ern x-ray FELs (Angelova et al., 2008; Han et al., 2012;
Spampinati et al., 2012).
The laser-beam interaction was considered in Sec-
39
tion II.E. The maximum energy change ∆γ(r) of a parti-
cle in the beam as a function of radial position r is given
by
∆γ(r) =
√
PL
P0
2KLu
γ0w0
J e−r2/w20 , (6.1)
where PL is the laser power, P0 = IAmc
2/e ≈ 8.7 GW
(cf. Eq. (2.37); the factor e−r
2/w2
0 describes the radial
profile of the laser beam, which now is on the order of the
electron beam size). To find the energy distribution of the
electron beam this formula should be combined with the
beam distribution (see details in (Huang et al., 2004a)).
The resulting energy distribution function depends on
the input laser energy and the ratio of the rms transverse
size of the beam σx (σx ≈ σy) and laser σr = w0/2. In
the limit σr ≫ σx one finds a double-horn distribution in
energy (much like the dashed blue line projection in Fig.
11). In the case when the laser pulse is matched to the
beam size, σx ≈ σr , the distribution function becomes
Gaussian-like.
The schematic of the laser heater for LCLS is shown
in Fig. 40. The laser heater consists of a 50 cm long, 5
2 cm
10 cm
10 cm 50 cm
~120 cm
q
θ
»
≈ 5.7º
800-nm laser
FIG. 40 Layout of the LCLS laser heater inside a magnetic
chicane (from (Huang et al., 2004a)).
cm period undulator located at the center of a small hor-
izontal magnetic chicane in order to allow a convenient
laser-electron interaction with no crossing angle. In ad-
dition to easy optical access, the chicane produces smear-
ing of the laser-induced energy modulation, resulting in
a random, uncorrelated energy spread with no temporal
structure. This smearing occurs because the path length
from chicane center (where the energy modulation is in-
duced) to the end of the chicane depends on the electrons
horizontal angle, x′. The induced energy spread at the
center of the chicane also causes some horizontal emit-
tance growth which is typically negligible.
LCLS heater results are documented in
Ref. (Huang et al., 2010). Figure 41 shows the
longitudinal phase space of the beam measured with the
help of an rf deflecting cavity. The figure clearly shows
the increase of the beam energy spread with the energy
of the laser pulse.
An interesting and surprising effect which the authors
called “trickle heating” was discovered in (Huang et al.,
2010). For small laser pulse energy ∼ 1 µJ, the authors
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FIG. 41 Measured longitudinal phase space at 135 MeV with
(a) laser heater off, (b) IR-laser energy at 10 µJ, and (c)
at 220 µJ. The vertical axis shows beam longitudinal posi-
tion and the horizonal axis shows the beam energy. [from
Ref. (Huang et al., 2010)].
observed an increased heating effect compared with the
theoretical value based on Eq. (6.1). It turns out that, for
this laser energy, the energy modulation periodic struc-
tures are not completely removed by the smearing effect
in the chicane magnets, but are transformed into x − z
correlations in the phase space of the beam. These cor-
relations excite space charge wakefields that apparently
lead to additional heating.
B. Emittance exchange
The performance of an FEL depends critically on the
Pierce parameter ρ, which is determined by the trans-
verse electron beam size and the peak current. While
the 6-D phase space volume of a beam is conserved along
phase space trajectories, the phase space area of indi-
vidual planes may be rearranged in different ways to
maximize ρ without violating Liouville’s theorem (see,
e.g. (Carlsten et al., 2011)). One of the effective ways to
rearrange beam’s distribution in 6-D phase space is emit-
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tance exchange (EEX) which exchanges the projected
emittance between different planes. Of particular inter-
est is the transverse-to-longitudinal EEX that exchanges
the emittance between one of the transverse planes (x
or y) with the assumed much smaller emittance of the
longitudinal plane (s).
Hereafter we will only consider beam dynamics in x
and s planes and ignore the uncoupled motions in y
plane. An electron’s initial state in phase space is de-
noted as X0 = (x0, x
′
0, s0, η0)
T , where x0 is the hori-
zontal position, x′0 is the horizontal angle, s0 and η0 are
the longitudinal position and the relative energy devia-
tion with respect to the reference particle, respectively3.
After passing through a linear Hamiltonian system, the
electron’s state X1 is related to its initial state X0 by
X1 = RX0, where R is a symplectic 4×4 transport ma-
trix that describes the beam dynamics associated with
the system. The 4×4 transfer matrix may be written as
four 2×2 blocks,
R =
[
A B
C D
]
. (6.2)
If all elements in A and D are zero, then an electron’s
final transverse coordinates will only depend on its ini-
tial longitudinal coordinates, and vice versa. As a re-
sult, beam’s transverse and longitudinal degrees of free-
dom will be exchanged after the beam passes through the
beam line.
Construction of a beam line with such an exotic trans-
fer matrix certainly requires elements that couple the
beam dynamics in x and s planes. Two representative
elements are the dogleg magnet arrangement and the
rf deflecting cavity. A dogleg magnet is just half of a
chicane that correlates a particle’s final transverse posi-
tion with its initial energy, and final longitudinal posi-
tion with its initial transverse angle. A deflecting cavity
is an rf structure operating in the transverse mode (e.g.
TEM10) which couples a particle’s final transverse deflec-
tion with its initial longitudinal position, and final energy
with its initial transverse position. Combined, these el-
ements provide the desired coordinate mapping. Cur-
rently most of the EEX schemes rely on proper arrange-
ment of dogleg magnets and deflecting cavities, with the
simplest scheme being two identical dogleg magnets with
a deflecting cavity in between (Cornacchia and Emma,
2002; Emma et al., 2006; Xiang and Chao, 2011).
Transverse-to-longitudinal EEX was originally pro-
posed to reduce beam transverse emittance for enhanc-
ing FEL gain (Cornacchia and Emma, 2002). As shown
in (Emma et al., 2006) one may use an ultra-short laser
3 We remind the reader that we use variable s as a coordinate
directed along z and associated with particle’s position inside
the beam.
pulse in a photocathode gun to generate a beam with
small longitudinal emittance, and then exchange the
transverse and longitudinal emittance to obtain a beam
with small transverse emittance. The increased longitu-
dinal emittance does not affect FEL gain as long as it
is kept below the threshold set by ρ. Furthermore, the
increased longitudinal emittance after EEX is helpful for
suppressing the microbunching instability, which can also
degrade the FEL performance. So there are combined
advantages in swapping beam phase space areas between
different planes while keeping the 6-D phase space vol-
ume unchanged.
In addition to reducing beam transverse emittance, the
fact that beam’s transverse and longitudinal degrees of
freedom are exchanged in EEX implies that one can tai-
lor beam’s longitudinal distribution by shaping beam’s
initial transverse phase space. For example, a simple
mask has been used to generate transversely modulated
beamlets that are then converted into longitudinal sub-
ps bunch trains through EEX (Sun et al., 2010) useful
for generating narrow-band THz radiation. With a spe-
cial mask, one may also generate a beam with linearly
ramped current profile (Piot et al., 2011) that is crucial
for obtaining a high transformer ratio in advanced beam
driven accelerators. It is also possible to convert these
transverse beamlets into separated energy bands which
may be used for generation of high harmonics in FELs
(Jiang et al., 2011), similar to the EEHG technique.
Another advanced application enabled by transverse-
to-longitudinal EEX is chirp-free bunch compression
(Zholents and Zolotorev, 2011). Typically an energy
chirp is required for bunch compression, which puts cer-
tain constraints on the linearity of the beam longitudi-
nal phase space. In the chirp-free bunch compression
scheme, an EEX beam line is first used to convert s to
x (or x′). Then a telescope beam line is used to demag-
nify the beam in x (or x′), after which a second EEX
beam line converts x (or x′) back to s and the beam is
compressed. This application may be particularly useful
for compact x-ray FELs based on x-band linac structures
where the power source for a third harmonic cavity re-
quired to linearize the beam longitudinal phase space is
not available. This cascaded EEX scheme may also be
used to convert a laser modulation to a higher frequency
for FEL seeding, or to convert a laser modulation to a
lower frequency for the generation of THz radiation.
Another interesting scenario in transverse-to-
longitudinal EEX is to replace the rf deflecting
cavity with a TEM10 mode laser; the so-called laser
assisted EEX (Xiang, 2010). The advantage of using
a laser to perform EEX is that instead of exchanging
the emittance for the whole bunch, one can exchange
the emittance for only part of the electrons. This is
because the TEM10 laser gives beam a sinusoidal kick
(Fig. 42b) while the EEX requires a linear kick. So only
the electrons around the laser field zero-crossing will
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experience EEX (red particles in Fig. 42). For these
particles, the rms length is only a fraction of the laser
wavelength so they are characterized by an extremely
small longitudinal emittance. After EEX, these portions
of the beam will have an extremely small transverse
emittance (Fig. 42c). Such small transverse emittances
enable operation of an x-ray FEL at lower energy, which
can greatly reduce the size and cost of the facility.
FIG. 42 Representative beam phase space evolution in EEX
with a laser. (a) Initial transverse phase space; (b) x′ − s
distribution after interacting with the laser with wavelength
at 10.6 µm; (c) Final transverse phase space; (d) x− s distri-
bution after EEX. The particles that have effective EEX are
shown with red dots. From (Xiang, 2010).
It should be pointed out that EEX between x and
y planes is also possible, and is conceptually simpler
than the transverse-to-longitudinal EEX. For instance, a
solenoid with suitable strength that rotates the beam by
nπ/2 (n is an odd number) naturally exchanges the beam
emittance and coordinates in the x and y planes. A series
of skew quadrupoles may be used to exchange the beam
emittance in x and y planes as well (Kowalski and Enge,
1972; Talman, 1995).
Note, in discussions above, we have assumed that the
beam is uncoupled before and after its passage through
some elements. As discussed in Sec.II.A, in this case the
emittances of the subspaces can only be completely ex-
changed. By contrast, if the beam is allowed to have
coupling in different planes, the emittance of one plane
can actually be made smaller at the cost of signifi-
cantly increasing the emittance in another plane (the
product of the final emittances is larger than the ini-
tial value). Recently, a scheme that uses a dogleg to re-
duce beam slice energy spread at the cost of an increase
in beam transverse emittance has been proposed to en-
hance the frequency multiplication efficiency of HGHG
technique (Deng and Feng, 2013). With the beam cou-
pled in transverse and longitudinal planes, however, this
scheme has demanding requirements on the transverse
emittance.
It is also worth mentioning that EEX can only ex-
change the emittances among the different planes, but it
does not change them. With the electron beam born with
coupling (e.g. from a tilted laser that introduces x − s
coupling, a magnetized cathode that introduces x−y cou-
pling, etc.), or with the use of non-symplectic elements in
the beam line, emittance may be partitioned in different
planes (see. e.g. (Brinkmann et al., 2001; Carlsten et al.,
2011) and references therein).
C. Beam conditioning
As was mentioned in Section V.A, modern x-ray FELs
require relativistic beams with small emittance and en-
ergy spread. The physical mechanism behind such a re-
quirement is the need to maintain resonance between the
wiggling motion of electrons in the undulator and the
FEL radiation propagating with the speed of light. Elec-
trons with different amplitudes of betatron oscillations
and different energies propagate in the undulator with
unequal longitudinal velocities, slipping relative to the
radiation phase and leading to a smearing of the reso-
nance. If the smearing is strong enough it suppresses the
lasing of the beam.
In 1992, Sessler, Whittum and Yu (Sessler et al., 1992)
noticed that the velocity spread due to the beam trans-
verse emittance can be compensated by correlating the
particle energy with its amplitude of the betatron oscilla-
tions. Specifically, for equal focussing in both transverse
planes, the requirement for such a compensation reads
∆γ
γ
= κ(Jx + Jy), (6.3)
with
κ =
1
2β¯
λu
λr
, (6.4)
where ∆γ is the energy deviation of the particle (in units
ofmc2), β¯ is the averaged beta function in the undulator,
λu is the undulator period, λr is the wavelength of the
undulator emission, and Jx and Jy are the actions for
betatron oscillations in x and y directions, respectively,
normalized so that 〈Jx〉 = 〈Jy〉 = ǫ, where ǫ is the ge-
ometric transverse emittance of the beam. Preparing a
beam which satisfies the condition (6.3) is called “beam
conditioning”. The physical picture of beam condition-
ing is that particles with larger betatron amplitudes are
given extra energy (and therefore larger velocity) to com-
pensate for the longer path length. Values of κ required
for proper conditioning are typically on the order of 10–
100 µm−1.
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Several methods were proposed in the literature
to condition a beam (Emma and Stupakov, 2003;
Liu and Neil, 1993; Papadichev, 1995; Schroeder et al.,
2004; Sessler et al., 1992; Sprangle et al., 1993;
Vinokurov, 1996; Wolski et al., 2004; Zholents, 2005a).
Of special interest for this article is a laser based
approach developed in Ref. (Zholents, 2005a) which we
review in this section. The idea of the method is based
on the scheme proposed by Vinokurov (Vinokurov,
1996) who suggested a conditioner setup that first uses
an rf cavity to “chirp” the beam (i.e., introduce a
correlation between longitudinal position and energy),
then passes the beam through a focusing channel with
some chromaticity, and finally uses a second rf cavity to
remove the chirp.
If the frequency of the first rf accelerating section is
ωrf , electrons near the zero phase crossing change the
energy by
∆γ1 =
eU
mc2
sin
(ωrfs
c
)
, (6.5)
where s is the longitudinal coordinate of particles in the
bunch relative to its center. The focusing beam line then
delays the particles with large betatron oscillation am-
plitudes and longer orbits by
∆s = −1
2
∫ [(
dx
dz
)2
+
(
dy
dz
)2]
dz. (6.6)
Assuming that the two transverse directions in the focus-
ing channel are identical, ∆s can be expressed through
the action variables Jx and Jy
∆s = 2πξ(Jx + Jy), (6.7)
where ξ is the chromaticity of the channel.
The second rf accelerating section is phased so as to re-
move the energy modulation introduced by the first one.
However, the energy correction does not exactly cancel
the energy deviation introduced by the first section be-
cause of the delay ∆s, and there will be a residual energy
deviation depending on the particle’s betatron amplitude
and the chromaticity of the beam line. The residual en-
ergy is
∆γ =
eU
mc2
[
sin
(ωrfs
c
)
− sin
(ωrf
c
(s−∆s)
)]
= 2πξ(Jx + Jy)
eU
mc2
ωrf
c
cos
(ωrfs
c
)
, (6.8)
where ωrf |∆s|/c≪ 1 was assumed. Typically the rf wave-
length is much larger than the bunch length, ωrf |s|/c≪
1, so (6.8) reduces to (6.3) with
κ = κ0 ≡ 2πξ eU
γmc2
ωrf
c
. (6.9)
Unfortunately, as detailed analysis shows (Wolski et al.,
2004), realistic values for the rf voltage U and the length
of the focusing channel give values of κ that are several
orders of magnitude smaller than what is required to con-
dition a beam in a modern x-ray FEL.
As pointed out in (Zholents, 2005a), however, with κ
being proportional to ωrf , the conditioning can be made
much stronger if a laser beam is used to modulate the
particles energy, instead of the accelerating structures,
thereby replacing ωrf with a much larger laser frequency
ωL. The setup of the laser assisted conditioner is shown
in Fig. 43. The laser pulse co-propagates in the wig-
FIG. 43 A schematic of the laser assisted conditioner. From
(Zholents, 2005a).
gler magnet at a small angle with the electron beam and
produces an energy modulation of the electrons at the
laser wavelength λL. The electrons then pass through
a focusing channel. Finally, the reverse modulation is
applied to the beam with a second laser pulse in the sec-
ond wiggler magnet. The arrival times of the electron
beam and laser pulses in the wigglers are controlled by
providing tight synchronization between the laser pulses
and interferometric control of all path lengths with active
feedback.
With the laser wavelength λL typically much shorter
than the bunch length the approximation (6.9) is invalid
and should be replaced by the conditioning factor κ(s)
which oscillates over the bunch length
κ(s) = κ0 cos
(
2πs
λL
)
, (6.10)
where κ0 is given by (6.9) with ωrf replaced by ωL. As-
suming that κ0 is equal to the required value in (6.4), we
see that the conditioning is achieved near discrete points
in the beam s = nλL where n is an integer number with κ
taking all possible values between −κ0 and κ0. The entire
electron beam can now be viewed as a sequence of alter-
nating slices of electrons with a variable degree (and the
sign) of conditioning. As long as the length of the slice
(which is approximately equal to λL/2) is longer than
the slippage length, the correctly conditioned slices will
generate the FEL radiation, while the incorrectly condi-
tioned regions will not radiate. Simulations in (Zholents,
2005a) showed that the overall performance of the laser
conditioned beam could be considerably improved in the
regime when the transverse emittance is large.
In another approach (Schroeder et al., 2004), FEL con-
ditioning via Thomson backscattering of an intense laser
pulse was proposed. The number of scattered photons,
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and hence the electron energy loss, is proportional to
the laser intensity which decreases off-axis for a focused
beam. Therefore, Thomson backscattering produces a
correlation between an electron’s energy loss and its
transverse location in the laser field, thus allowing beam
conditioning. However, according to (Schroeder et al.,
2004), a rather large laser energy on the order of ∼ 102
Joules in ∼ 10 ps is required for conditioning a beam
with realistic parameters.
D. Measurement of ultra-short beams
Using lasers to measure electron beam parameters
dates all the way back to the early days of lasers. In the
1960’s Thomson backscattering (Fiocco and Thompson,
1963) was suggested as a method to measure plasma
parameters. In the 1990’s Thomson backscatter-
ing was used to measure both transverse beam sizes
in the nanometer range (Kezerashvili and Skrinsky,
1991; Shintake, 1992) and the length of a relativis-
tic electron beam with sub-picosecond time resolu-
tion (Leemans et al., 1996). Here we discuss several re-
cent techniques that use lasers to manipulate the electron
beam phase space for the determination of the temporal
structure with femtosecond time resolution.
1. Optical replica synthesizer
In the so-called optical replica synthesizer (ORS) tech-
nique (Saldin et al., 2005), an optical laser with a pulse
duration much longer than the electron beam is first
used to generate a density modulation in the electron
beam with a modulator-chicane system. The density-
modulated beam is then sent through an undulator tuned
to the laser frequency to generate intense coherent ra-
diation. Analysis shows that under proper conditions
(i.e. the modulation amplitude and beam size do not
vary in time, and the slippage is sufficiently small) the
radiated fields are a replica of the electron beam tem-
poral profile. The electron beam information is thus
encoded into the optical light, whereby well-established
techniques borrowed from the ultrafast laser commu-
nity such as frequency-resolved optical gating (FROG
(Trebino et al., 1997)) can be used to obtain the electron
beam temporal information, including both the temporal
shape and energy chirp.
While the FROG technique has been successfully used
to measure a 4.5 fs laser pulse (Baltusˇka et al., 1998), the
slippage length in the radiator typically limits the resolu-
tion of ORS to > 10 fs. This is because implementation
of the FROG technique in single-shot mode typically re-
quires > 1 µJ of radiation energy, which in turn requires
an undulator with many periods to generate enough sig-
nal. Increasing the number of periods also increases the
total slippage, however, which can quickly exceed 10 fs at
optical wavelengths. A proof-of-principle experiment at
FLASH provided encouraging results (Sale´n et al., 2011),
but more work is needed to demonstrate the potential of
this technique in realistic conditions where the coherent
radiation is also contaminated by the contribution from
microbunching instabilities.
A simplified version of ORS in which the radiator un-
dulator is replaced with an optical transition radiation
(OTR) screen and only the radiation spectrum needs to
be measured has also been proposed (Xiang, 2012). This
scheme is easy to implement and does not require gener-
ation of high-power radiation for a FROG measurement,
yet still allows the rms length of an ultrashort bunch to
be obtained. The idea to extract bunch length infor-
mation by measuring the coherent OTR (COTR) spec-
trum is rather simple, since, for an idealized Gaussian
beam with rms length ∆t the rms frequency spread is
∆f = 1/(2∆t).
Consider a Gaussian electron beam with rms length of
5 fs. The longitudinal phase space is shown in Fig. 44a.
After interacting with an 800 nm laser and passing
through a chicane, the beam longitudinal phase space
evolves to that in Fig. 44b. The corresponding beam
current is shown with dashed red line in Fig. 44c (the
initial beam current is shown with blue-solid line). It is
justified to assume a sufficiently prompt response for gen-
eration of OTR such that the pulse shape of the COTR
generated when beam strikes an OTR screen will be a
replica of that of the beam current distribution. Accord-
ingly, the COTR spectrum generated by this modulated
beam will carry information about the beam current dis-
tribution. The COTR spectrum for the beam in Fig. 44c
is shown in Fig. 44d where one can see that the quasi-
monochromatic COTR has a central frequency peak at
f = 375 THz (corresponding to a central wavelength of
800 nm) with an rms frequency spread of ∆f = 33 THz,
which corresponds to a transform limited rms pulse width
of 5 fs, which is the same as that of the electron bunch.
This method can be applied to extract rms bunch
length in more general cases, such as beams with asym-
metric Gaussian and flat-top distributions. However, it
should be noted that it may yield inaccurate results if
the beam temporal profile has a complicated shape.
2. Optical streaking
In the ORS method, the laser pulse duration needs
to be much longer than electron bunch length in order
to provide a constant modulation across the bunch. On
the contrary, if a relatively short laser pulse (with du-
ration a few times longer than electron bunch length)
is used to modulate the beam, the energy modula-
tion amplitude varies in time. This leads to an effect
that can be exploited to measure the electron bunch
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FIG. 44 Evolution of the longitudinal phase space in a sim-
plified ORS scheme: (a) initial beam phase space; (b) beam
phase space after interaction with an optical laser; (c) beam
current with (dashed red) and without (solid blue) the laser
modulation; (d) corresponding radiation spectra.
length. The physics behind this so-called optical streak-
ing method (Ding et al., 2011) is illustrated in Fig. 45. If
the electron beam is synchronized with the laser in such
a way that the beam interacts with the sloped region
of the laser pulse as shown in Fig. 45, the beam energy
distribution after the laser modulation can be used to
reconstruct the beam temporal profile. Consider as an
example a Gaussian electron beam with an rms duration
of 4 fs. The initial longitudinal phase space is shown with
red dots and the projected beam temporal profile with
the solid red line. After interacting with a high power
800 nm laser, the beam phase space is shown with green
dots and its energy distribution with the blue line. Here,
the laser FWHM duration is assumed to be 40 fs and
the temporal offset between the electron beam and laser
intensity peak is 25 fs (part of the laser field profile is
shown with dashed magenta line). This generates an en-
ergy modulation in the beam that grows in amplitude.
When the laser power is sufficiently high, it is possible to
make the energy difference between two adjacent cycles
larger than beam’s intrinsic energy spread (see blue line
in Fig. 45) so that a clear modulation in the projected en-
ergy distribution can be observed. Because the oscillation
period of beam energy is correlated with the laser wave-
length, the projected energy modulation can be measured
with a high resolution magnetic energy spectrometer and
used to determine the electron beam’s temporal shape us-
ing the laser wavelength as the ruler (Ding et al., 2011).
This method is particularly suited for electron beams
with small intrinsic energy spreads such that modest laser
powers can be used.
FIG. 45 Illustration of the optical streaking method to mea-
sure electron bunch temporal profile. The horizontal axis is
the beam longitudinal position normalized to the laser wave-
length and the vertical axis is particle’s energy deviation nor-
malized to the rms slice energy spread of the beam.
3. Optical oscilloscope
The rf deflecting cavity is typically used for time re-
solved diagnosis of the electron bunches in linear acceler-
ators (Akre et al., 2002; Wang, 1999). For a beam with
given emittance and intrinsic divergence at the cavity,
the temporal resolution provided by this cavity is limited
by the available kick strength. A stronger kick can be
achieved by increasing the voltage and/or the frequency
of the cavity. For instance, given the same voltage, an
X-band deflecting cavity provides 4 times higher resolu-
tion than an S-band cavity. Thus, lasers operating in
transverse mode have potential to dramatically improve
temporal resolution by virtue of their much higher fre-
quencies (see Sec. II.E.4 ).
A drawback of using lasers to generate the required
angular kick is that the electron beam is typically much
longer than the wavelength. Because the desired lin-
ear kick occurs only for electrons around the zero field
crossing, this limits application of such “optical deflec-
tors” to cases where the bunch is much shorter than
the laser wavelength. However, to avoid such limitations
and to improve the dynamic range of the measurement,
a so-called “optical oscilloscope” has been recently pro-
posed (Andonian et al., 2011). Here, in addition to an
optical laser operating in transverse mode, an rf deflect-
ing cavity is used to streak the beam in an orthogonal
direction so that the beam distribution at different laser
cycles can be separated as well. The outcome of such a
configuration is a 2-D map which shows the overall bunch
shape (in the kicking direction of rf cavity) as well as
the fine structures (in the kicking direction of the laser).
Note, in this scheme the resolution of the rf deflecting
cavity needs to be smaller than the wavelength of the
laser, therefore long wavelength lasers on the order of
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a few microns may be favored for this application. In
principle, with a high power laser the resolution of this
method can be pushed to the sub-femtosecond regime.
VII. SUMMARY
Over the last several decades, relativistic electron
beams have proven to be effective and enormously versa-
tile sources of intense radiation used to probe the struc-
ture and dynamical behavior of matter. Continued im-
provements in electron beam quality and brightness have
led to corresponding enhancements in the radiation they
produce, with higher intensities, shorter wavelengths,
and shorter pulse durations emerging with each succes-
sive generation in source technology. Over the last decade
in particular, significant progress has been made with the
birth of free-electron lasers that are capable of producing
hard x-ray beams with unprecedented brightness. These
devices enable the investigation of processes on the fem-
tosecond time scale with x-rays at 10 keV energies in
a single shot, opening new opportunities to capture the
ultrafast and probe the ultrasmall.
Parallel advances in laser technology have led to new
opportunities to further improve the performance of ac-
celerator based light source facilities, from the develop-
ment of now ubiquitous photocathode injectors that de-
liver high brightness beams with low energy spread and
emittance, to more recent seeding techniques that rely
on precision laser manipulation of the high energy elec-
tron beams for tailored radiation production. Together,
these innovations allow the fully coherent field distribu-
tion from a laser pulse to be imprinted onto the elec-
tron beam, and then transferred to radiation at much
shorter wavelengths. Through the variety of techniques
described in this review, this provides additional flexibil-
ity in controlling the pulse duration, spectral bandwidth,
and even transverse distribution of the radiation. Associ-
ated improvements in timing synchronization and stabi-
lization between the laser and electron beams at the tens
of femtoseconds level have also enabled the merging of
these technologies to access new regimes in, for example,
x-ray pump-probe experiments.
Presented in this article is a broad mixture of both
new ideas and recently demonstrated methods that aims
to highlight current progress and to stimulate future re-
search. We describe the simple fundamental principles on
which many of these methods are based. In most cases
they involve an interaction of the laser beam with a rel-
ativistic electron bunch in a resonantly tuned undulator,
and a subsequent evolution of the beam distribution func-
tion when it passes through specially arranged magnets
or other components of the beam line. While such manip-
ulations create modulations on the scale of the laser wave-
length, in more sophisticated arrangements, one can gen-
erate the desired structures in the beam on much shorter
scales, leading to an effective laser frequency upshifting
and access to nanometer scales. Various other emergent
research opportunities are also discussed in this article,
including the generation of ultrashort x-ray pulses both
in light source storage rings and FELs, the production of
beams with orbital angular momentum, the production
of mode-locked x-ray pulse trains, and numerous sophis-
ticated diagnostic techniques.
As is typical with emerging technologies, the number of
newly proposed techniques has outpaced the number that
have been experimentally demonstrated and adapted in
practice. Accordingly, several of the more recent con-
cepts are in the research stage of development, but are
included here for their value in leading to novel insights
and stimulating new ideas.
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